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1. Introduction
The problem of finding an isogenous decomposition of the Jacobian
JC˜ of a smooth connected complete curve C˜ has been studied by many
people, as well as its generalization for any abelian variety.
The first example of finding subtori X and Y of JC˜ such that X×Y
is isogenous to JC˜ is due to Wirtinger [W]; the situation is a double
cover of curves f : C˜ → C, where JC˜ is found to be isogenous to the
product of the abelian subvariety f ∗(JC) and its natural complement
P (C˜/C), later called the Prym variety of the cover f , by Mumford in
[M2].
In this last work one finds a careful discussion of the kernels of the
isogeny and of f ∗, which is then used to describe the type of polarization
that P (C˜/C) inherits from JC˜.
These ideas were generalized by Ries in [R] where he studied the
Prym variety associated to a cyclic unramified cover of a hyperelliptic
Riemann surface, and in [G] for the case of a curve with an automor-
phism of prime order.
In a more general context, their results may be viewed as particular
cases of the isotypical decomposition of an abelian variety with a finite
group acting on it. Such decompositions have been studied by sev-
eral people in different settings (Donagi, Kanev, Me´rindol, Lange and
Recillas, among others), with applications to the theory of integrable
systems and the moduli spaces of principal bundles of curves.
In another related direction, there are two constructions that have
proved very useful in the study of relations between Jacobians and
Prym varieties. The Recillas trigonal construction (c.f. [Rec1]) shows
that the Jacobian of a tetragonal curve is isomorphic to the Prym
variety of a double cover of a trigonal curve, and Pantazis showed in
[P] that the Prym varieties associated to the bigonal construction of
Donagi (c.f. [D1]) are dual to each other.
The aim of this work is the study of the structure of the Jacobian of
the Galois extension W → T of a fourfold cover of smooth connected
complete curves X → T . We give explicit descriptions of the rational
simple components of this Jacobian as generalized Pryms of interme-
diate covers of W → T and analyze the polarization types and kernels
of the isogenies involved.
Even though the isotypical decomposition of JW may be obtained
faster from general methods (see, for instance, [D2], [Ka] and [M]), our
calculations for the kernels of the natural isogenies that appear allow
us to obtain new proofs of the bigonal and trigonal constructions in
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purely group-theoretical terms, by considering T = P1 and particular
values of the ramification of X → T (see Remark 6.5 and Section 7.1,
Remark 9.13 and Theorem 9.15).
Furthermore, by applying appropriate restrictions for the ramifica-
tion data of X → T , we also obtain families of Jacobian varieties isoge-
nous to products of Jacobians and families of Prym varieties isogenous
to the product of elliptic curves.
When working with the Jacobian of a curve, we use additive or tensor
notation depending on whether the points of the Jacobian are consid-
ered as points of an abelian variety or as line bundles on the curve.
If Y is a subvariety of an abelian variety, we denote by Y 0 its con-
nected component of the origin, and by Y [d] the subgroup of Y con-
sisting of its points of order d.
If f : C˜ → C is an unramified cyclic cover of curves of degree d,
we will denote by ηf a point in JC[d] which determines the cover f ;
equivalently, a generator for the kernel of f ∗.
If A is a polarized abelian variety with polarization λ : A → Â,
where Â is the dual abelian variety, then K(λ) will denote the kernel
of λ. If λ is of type (d1, . . . , dg) with di dividing di+1 for 1 ≤ i ≤ g− 1,
we will denote by λÂ : Â → ̂̂A = A the polarization on Â such that
λÂ ◦ λ is multiplication by dg on A.
If f : A→ B is a morphism between abelian varieties, the dual map
will be denoted by f̂ : B̂ → Â; if B has a polarization λB, then A
inherits the induced polarization λA defined by λA = f̂ ◦ λB ◦ f (the
pullback of λB via f).
2. Prym varieties for covers of curves
¿From now on, C˜ and C are smooth connected complete curves over
the complex numbers C, of respective genera g˜ and g , and f : C˜ → C
is a cover of degree d.
Let (J, λ) and (J˜ , λ˜) denote the Jacobians of C and C˜, respectively.
The cover f induces two homomorphisms between Jacobians, denoted
by f ∗ : J −→ J˜ and Nm f : J˜ −→ J respectively. Just as in [M2] for
the case d = 2, they are related as follows.
(2.1) Nm f ◦ f ∗ = d · Id |J and N̂m f = λ˜ ◦ f ∗ ◦ λ−1
Also note that (ker Nm f)0 = (ker(f ∗◦Nm f))0.
We will use the following characterization given in [L-B, p. 337].
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Proposition 2.1. Given a cover of curves f : C˜ → C, the induced
homomorphism f ∗ : JC → JC˜ is not injective if and only if f factors
via a cyclic e´tale covering f ′ of degree ≥ 2 as is shown in the following
diagram.
C˜
f //
f ′′ ?
??
??
??
? C
C ′
f ′
>>||||||||
.
Remark 2.2. Note that by the proof of the above proposition, ker f
′∗
is cyclic of order equal to the degree of f ′; hence if f
′′∗ is injective, then
ker f ∗ is cyclic of order equal to the degree of f ′.
The following result is well known.
Lemma 2.3. Let f : C˜ → C be a cover of curves of degree d.
Then the number of connected components of kerNm f is the cardi-
nality of ker f ∗.
In particular, if d is prime and f is ramified or if d is prime and f
is not a cyclic cover then ker Nm f is connected.
We now recall the definition of the Prym variety of a subtorus of a
principally polarized abelian variety (p.p.a.v.) and some of its proper-
ties (c.f. [R] and [M2]).
Let (A, λ) be a p.p.a.v., where λ : A→ A˜ is the principal polarization
and let X
i→֒ A be a subtorus. Then the Prym variety P = P (A, λ,X)
is defined by P = ker(̂i ◦λ) = λ−1(ker î). Observe that P is connected
(since ker î is injective) and its dimension is the codimension of X in
A.
If we denote by j : P → A the inclusion and by λX and λP the
induced polarizations onX and P , respectively, we obtain the following
commutative diagram:
(2.2) X
λX

i // A
λ

P
joo
λP

X̂ Â
î
oo
ĵ
// P̂
The following results appear in [R].
Proposition 2.4. Let (A, λ) be a p.p.a.v., let X be a subtorus of A
and let P = P (A, λ,X) be its Prym variety. Then
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i) The sum homomorphism
σ : X × P −→ A
(x, y) 7−→ x+ y
is an isogeny with kernel given by
ker σ = { (x,−x) : x ∈ X ∩ P }.
ii) If we denote by λX×P the pullback of the polarization λ to X×P
via σ, then
λX×P = σ̂◦λ◦σ =
(
λX 0
0 λP
)
iii) The kernels of the induced polarizations are related as follows.
K(λX×P ) = K(λX)×K(λP )
Furthermore, ker σ is a maximal isotropic subgroup.
iv) K(λX) = X ∩ P = K(λP ).
We now apply these results to our cover of curves f : C˜ → C. In
this case the Prym Variety of f is defined by
P = P (f) = P (C˜/C) = (ker(f̂ ∗◦λ˜))0
and we can prove the following results.
Theorem 2.5. Let f : C˜ → C be a cover of curves of degree d. Denote
by λ˜f∗(J) and by λ˜P the polarizations induced by λ˜ on f
∗(J) and on P ,
respectively. Then
i) P = (kerNm f)0;
ii) P = P (J˜ , λ˜, f ∗(J)); i .e., P is the Prym variety of the subtorus
f ∗(J) of the p.p.a.v. (J˜ , λ˜);
iii) the polarization on J given by the pullback of λ˜f∗(J) via f
∗ is
dλ and H0 := ker f
∗ ⊂ J [d] is isotropic with respect to the Weil
form associated to dλ;
iv) f ∗ induces an isomorphism
H⊥0 /H0 −→ ker(λf∗J) = ker(λP ) = f ∗J ∩ P ⊆ P [d]
where orthogonality is with respect to the skew-symmetric mul-
tiplicative form edλ on J [d], and∣∣f ∗J ∩ P ∣∣= ∣∣J [d]∣∣∣∣ker f ∗∣∣2 .
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v) Consider the isogeny
φ : J × P → J˜ , φ(c, c˜) = f ∗(c) + c˜
and the projection onto the first factor π1 : J × P → J .
Set H1 = π1(ker φ). Then
ker φ = {(c,−f ∗(c)) : c ∈ J [d] and f ∗(c) ∈ P} −→ H1
(c,−f ∗(c)) 99K c
is an isomorphism.
Furthermore, H1 = H
⊥
0 and∣∣kerφ∣∣= ∣∣H1∣∣= ∣∣H⊥0 ∣∣= ∣∣J [d]∣∣∣∣ker f ∗∣∣ .
Proof. i) follows from λ−1◦f̂ ∗◦λ˜ = Nm f .
ii) holds since f ∗ has finite kernel.
iii) is just a computation involving the relations given in (2.1):
f̂ ∗ ◦ λ˜ ◦ f ∗ = λ ◦ Nm f ◦ λ˜−1 ◦ λ˜ ◦ f ∗ = λ ◦ Nm f ◦ f ∗ = d λ
As for iv), it follows from descent theory that f ∗ : J → f ∗J induces
an isomorphism from H⊥0 /H0 to ker(λf∗J); therefore,
H⊥0 = (f
∗)−1(ker λf∗J) .
But we already know from Proposition 2.4 that
ker(λf∗J) = ker(λP ) = f
∗J ∩ P .
Observing that y ∈ f ∗J ∩ P if and only if y is in P and y = f ∗(x)
for some x ∈ J , we obtain 0 = Nm f(y) = Nm f(f ∗(x)) = dx, and
therefore dy = 0.
The equality
(2.3)
∣∣H0∣∣= ∣∣J [d]∣∣∣∣H⊥0 ∣∣
will complete the proof of iv).
To prove it, consider J = V/L and f ∗J = V/M , with L ⊆M lattices
in V , and recall thatH0 =M/L, H
⊥
0 =M
⊥/L, J [d] = K(d λ) = L⊥/L,
and that the index of L in M equals the index of M⊥ in L⊥.
Then from L ⊆ M ⊆ M⊥ ⊆ L⊥ it follows that [L⊥ : L] = [L⊥ :
M⊥] · [M⊥ : L]; since [L⊥ : M⊥] = [M : L], we obtain (2.3) in the form
[L⊥ : L] = [M : L] · [M⊥ : L].
As for v), it is clear that kerφ ⊆ J [d] × P [d] and therefore φ is an
isogeny. It is also clear that s : H1 → ker φ defined by c 7→ (c,−f ∗(c))
is a section of π1 : kerφ→ H1, so it follows that π1 is an isomorphism.
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But also H1 = {c ∈ J : f ∗(c) ∈ P} = (f ∗)−1(f ∗J ∩ P ) = H⊥0 .
Therefore
∣∣kerφ∣∣= ∣∣H⊥0 ∣∣, which together with equality (2.3) complete
the proof of v) and of the Theorem. 
Our next result gives the relation between the Prym variety of the
composition of two covers of curves and the Prym varieties of the in-
termediate covers.
Proposition 2.6. Let f : X → Y and g : Y → Z be two covers of
curves. Set h = g ◦ f : X → Z.
Then there are two isogenies given as follows.
ps : P (Y/Z)× P (X/Y )→ P (X/Z) , ps(y, x) = x+ f ∗y
and
ψ : JZ × P (Y/Z)× P (X/Y )→ JX , ψ(z, y, x) = x+ f ∗y + h∗z .
Furthermore,
i) The kernel of ps is contained in P (Y/Z)[deg f ]×P (X/Y )[deg f ]
and its cardinality is equal to∣∣ker ps∣∣= ∣∣P (Y/Z)[deg f ]∣∣ ∣∣g∗(JZ) ∩ ker f ∗∣∣∣∣ker f ∗∣∣ .
ii) The kernel of ψ has cardinality equal to∣∣kerψ∣∣= ∣∣JY [deg f ]∣∣∣∣ker f ∗∣∣
∣∣JZ[deg g]∣∣∣∣ker g∗∣∣ =
∣∣JZ[deg h]∣∣∣∣P (Y/Z)[deg f ]∣∣∣∣ker f ∗∣∣∣∣ker g∗∣∣ .
Proof. By Theorem 2.5 we have isogenies
α : JY × P (X/Y )→ JX , (y, x)→ f ∗y + x ,
β : JZ × P (Y/Z)→ JY , (z, y)→ g∗z + y ,
and
γ : JZ × P (X/Z)→ JX , (z, x)→ h∗z + x
whose kernels have sizes
∣∣kerα∣∣= ∣∣JY [deg f ]∣∣∣∣ker f ∗∣∣ , ∣∣ker β∣∣=
∣∣JZ[deg g]∣∣∣∣ker g∗∣∣
and
∣∣ker γ∣∣= ∣∣JZ[deg h]∣∣∣∣ker h∗∣∣ respectively.
A short computation and connectedness show that the image of ps
is contained in P (X/Z).
Furthermore if (y, x) ∈ ker ps, we have that 0 = f ∗y + x. But then
0 = Nm f(f ∗y) + Nm f(x) = (deg f) y; hence y ∈ P (Y/Z)[deg f ] and
x = −f ∗y; therefore ker ps ⊆ {(y,−f ∗y) : y ∈ P (Y/Z)[deg f ]}, which
proves the first part of i).
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¿From the commutative diagram
JZ × P (Y/Z)× P (X/Y )(β, idP (X/Y )) //
(idJZ , ps)

ψ
++WWWW
WWWW
WWWW
WWWW
WWWW
WWWW
JY × P (X/Y )
α

JZ × P (X/Z) γ // JX
we obtain that ψ is an isogeny and also that∣∣kerψ∣∣= ∣∣ker ps∣∣∣∣ker γ∣∣= ∣∣kerα∣∣∣∣ker β∣∣ .
Therefore
∣∣kerψ∣∣= ∣∣ker ps∣∣ ∣∣JZ[deg h]∣∣∣∣ker h∗∣∣ =
∣∣JY [deg f ]∣∣∣∣ker f ∗∣∣
∣∣JZ[deg g]∣∣∣∣ker g∗∣∣
and in order to finish the proof we only need to compute
∣∣ker ps∣∣.
Now the last equality implies that∣∣ker ps∣∣= ∣∣JY [deg f ]∣∣ ∣∣JZ[deg g]∣∣∣∣JZ[deg h]∣∣
∣∣ker h∗∣∣∣∣ker f ∗∣∣ ∣∣ker g∗∣∣ .
But it is clear that∣∣JY [deg f ]∣∣ ∣∣JZ[deg g]∣∣∣∣JZ[deg h]∣∣ = ∣∣P (Y/Z)[deg f ]∣∣
and that
ker h∗ = g∗−1(g∗(JZ) ∩ ker f ∗)
from where it follows that∣∣ker h∗∣∣= ∣∣ker g∗∣∣∣∣g∗(JZ) ∩ ker f ∗∣∣ .
The proof is now complete. 
3. Galois covers
Assume that the cover f : C˜ → C is a Galois cover; i.e., that there
exists a subgroup G of the automorphism group of C˜ such that C =
C˜/G and f is the canonical quotient map. For any g ∈ G we denote
by the same symbol g the automorphism induced by g on J˜ , by 〈g〉 the
subgroup of G generated by g, and by J˜ H the set of fixed points of H
in J˜ , for any subgroup H of G. The following results are immediate.
Proposition 3.1. Let f : C˜ → C = C˜/G be a Galois cover of degree
d and let P = P (f) denote the corresponding Prym variety.
Then
i) f ∗(J) = (J˜G)0 and J˜ G = f ∗(J) + P0, where P0 = P ∩ J˜ G ⊆
P [d] .
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ii) If we define NmG : J˜ → J˜ by NmG =
∑
g∈G
g, then NmG =
f ∗ ◦ Nm f .
iii) P = (kerNmG)0.
Corollary 3.2. If f : C˜ → C denotes a double cover given by the
involution σ : C˜ → C˜ and P denotes the corresponding Prym variety,
then
J˜ 〈σ〉 = f ∗J + P [2]
Proof. ¿From Proposition 3.1 i) we know that J˜ 〈 σ〉 = f ∗J + P0, where
P0 = J˜
〈σ〉 ∩ P ⊆ P [2].
Since σ is an involution, it is clear that P [2] ⊆ J˜ 〈σ〉 and the result
follows. 
Proposition 3.3. Let f : C˜ → C = C˜/〈α〉 be a cyclic unramified
cover.
Then J˜ 〈α〉 is connected; i.e., J˜ 〈α〉 = f ∗J .
Proof. Assume f is of degree d; then J˜ 〈α〉 = ker(1− α).
If L is in ker(1 − α), then there is an isomorphism φ : L → α(L).
But then αd−1(φ) ◦ . . . α(φ) ◦ φ is an isomorphism from L to itself,
and therefore equal to a nonzero complex constant c; adjusting the
constant, we obtain an isomorphism φ1 =
1
d
√
c
φ of L of order d.
Therefore G acts on L; i.e., G is linearizable and it follows from [M1]
that then L is in f ∗J . 
The next result appears in [Rec–Ro]; its corollary will be very useful
later on.
Lemma 3.4. Let f : C˜ → C = C˜/G be a Galois cover of degree d, let
H be a subgroup of G and denote by h : C˜ → C˜/H and ϕ : C˜/H → C
the corresponding covers, as in the following diagram.
C˜
h
yyttt
tt
tt
tt
tt
f

C˜/H
ϕ
$$J
JJ
JJ
JJ
JJ
C = C˜/G
Then f ∗(Nmϕ(z)) = g1h
∗z+g2h
∗z+ · · ·+grh∗z for all z ∈ J(C˜/H),
where {g1, g2, . . . , gr} is a complete set of representatives for G/H.
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Corollary 3.5. Under the hypothesis of Lemma 3.4,
h∗(P (ϕ)) = {x ∈ J˜ H :
r∑
i=1
gi(x) = 0}◦ .
Proof. Let
A = {x ∈ J˜ H :
r∑
i=1
gi(x) = 0}◦ .
If z ∈ P (ϕ) then Nm f(h∗z) = |H|Nmϕ(z) = 0; hence h∗(P (ϕ)) ⊆
(ker Nm f)◦ = (kerNmG)◦ and
∑
g∈G g(h
∗z) = 0.
But clearly h∗(P (ϕ)) ⊆ J˜H , so the last equation can be written as
|H|
r∑
i=1
gi(h
∗z) = 0, and we have proven that h∗(P (ϕ)) ⊆ A.
Conversely, let x ∈ A; then
NmG(x) =
∑
i
gi
(∑
k∈H
k
)
(x) = |H|
∑
i
gi(x) = 0
and we obtain that A ⊆ (ker NmG)◦ = (kerNm f)◦.
Therefore Nmh(A) ⊆ (ker Nmϕ)◦ = P (ϕ); then
|H|A =
∑
k∈H
k(A) = h∗(Nmh(A)) ⊆ h∗(P (ϕ))
and the result follows. 
4. Degree two covers
Consider a degree two morphism of curves f : C˜ → C with total
ramification degree ω.
Set g = gC and P = P (C˜/C). Then gC˜ = 2g − 1 + ω2 , dimP =
g − 1 + ω
2
, and |P [2]| = 22g−2+ω.
In this section we describe P [2] explicitly in terms of the ramification
of f .
By Theorem 2.5
∣∣(ker f ∗)⊥∣∣= ∣∣J [2]∣∣∣∣ker f ∗∣∣ and f ∗ induces an isomor-
phism
(ker f ∗)⊥/ ker f ∗ ∼= f ∗J ∩ P ⊆ P [2] .
If ω = 0, then | ker f ∗| = 2; hence |(ker f ∗)⊥/ ker f ∗| = 22g−2 and
f ∗J ∩ P = P [2].
If ω 6= 0, then | ker f ∗| = 0; hence f ∗ induces an isomorphism
from J [2] to f ∗(J [2]) ∩ P ⊆ P [2]. Therefore f ∗(J [2]) ⊆ P [2] and
|P [2]/f ∗(J [2])| = 2ω−2.
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In particular if ω = 2 , then we have that J [2] is isomorphic to
f ∗(J [2]) = P [2].
Also note that it follows from Lemma 2.3 and from Proposition 3.1
that if ω 6= 0, then ker(Nm f) = ker(1 + σ) is connected, where σ is
the involution of C˜ associated to the cover f .
The cases ω = 0 and ω = 2 of above are the “Classical Pryms”
described in Mumford’s beautiful paper [M2].
We now consider ω > 2. Let P1, . . . , Pω ∈ C˜ be the ramification
points of f , and for i ∈ {1, . . . , ω}, let Qi = f(Pi) ∈ C.
For j ∈ {2, . . . , ω}, choose mj ∈ Pic0(C) such that m⊗2j = OC(Q1 −
Qj) and consider
Fj = OC˜(Pj − P1)⊗ f ∗(mj) .
Then each Fj is in P [2] and we have the following result.
Theorem 4.1. Let f : C˜ → C be a degree two cover with total ramifi-
cation degree ω > 2.
Then for any L ∈ P [2] there exist m ∈ J [2] and unique νj ∈ {0, 1}
such that
L = Fν22 ⊗ . . .Fνω−1ω−1 ⊗ f ∗(m) .
In other words,
P [2] = f ∗(J [2])⊕ω−1j=2 Fj Z/2Z .
Proof. Let D ∈ Picω2 (C) be the divisor class defining the cover f : C˜ →
C; that is,
D⊗2 = OC(Q1 + . . .+Qω) and f ∗(D) = OC˜(P1 + . . .+ Pω) .
Consider the Abel-Jacobi map
C˜(g˜)
∫
−→ J˜
D 7−→ OC˜(D − g˜P1) .
Then, given L ∈ P [2], σ acts on ∫ −1(L) = |D|; hence there exists
D ∈ |D| such that σD = D, and therefore D must be of the form
D = f ∗(E) +
∑r
i=1 Pli , for some effective divisor E on C.
It follows that L = OC˜(
∑r
i=1(Pli − P1)) ⊗ f ∗(n), for some n in
Pic0(C). But L⊗2 = OC˜ and, since f ∗ is injective, it follows that
n⊗2 = OC(
∑r
i=1(Q1 −Qli)).
Therefore
L = Fl1 ⊗ . . .Flr ⊗ f ∗(m) ,
where m = n⊗m−1l1 ⊗ . . .⊗m−1lr ∈ J [2].
The following result completes the proof. 
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Lemma 4.2. Under the conditions of Theorem 4.1, we have
Fi1 ⊗ . . .⊗ Fik ∈ f ∗(J [2]), with 2 ≤ i1 < . . . < ik ≤ ω
if and only if
{i1, . . . , ik} = {2, . . . , ω} .
Proof. Let D ∈ Picω2 (C) be as in the proof of Theorem 4.1 and assume
{i1, . . . , ik} = {2, . . . , ω}.
Then
F2 ⊗ . . .⊗ Fω = OC˜(P2 + . . .+ Pω − (ω − 1)P1)⊗ f ∗(m2 ⊗ . . .⊗mω)
= f ∗(D(−ω
2
Q1)⊗m2 ⊗ . . .mω) .
But
(D(−ω
2
Q1)⊗m2 ⊗ . . .mω)⊗2 = OC
i.e.,
F2 ⊗ . . .⊗ Fω ∈ f ∗(J [2]) .
To show the other implication we may assume, without loss of gener-
ality, that {i1, . . . , ik} = {2, 3, . . . , r}. That is, it suffices to show that
if F2 ⊗ . . .⊗ Fr = f ∗(n), with n ∈ J [2], then r = ω.
Indeed, F2 ⊗ . . .⊗Fr = f ∗(n) with n ∈ J [2], is equivalent to
OC˜(
r∑
i=2
Pi − (r − 1)Pi) = f ∗(n⊗m−12 ⊗ . . .⊗m−1r ) .
Now consider the case r even and define
F = n⊗m−12 ⊗ . . .⊗m−1r ⊗OC(
r
2
Q1) .
Then F⊗2 = OC(
∑r
i=1Qi) and f
∗(F) = OC˜(
∑r
i=1 Pi) . But this is
possible by the definition of D only if r = ω.
If r were odd, then we would define
F = n⊗m−12 ⊗ . . .⊗m−1r ⊗OC(
r − 1
2
Q1)
and have that F⊗2 = OC(
∑r
i=2Qi) and that f
∗(F) = OC˜(
∑r
i=2 Pi) ,
which is impossible since r < ω. 
We now give a different set of generators for P [2]/f ∗(J [2]), which
will be useful later on.
Corollary 4.3. Under the conditions of Theorem 4.1, choose ni and sj
in Pic0(C) such that n⊗2i = OC(Q2i−1−Q2i) and that s⊗2j = OC(Q2j −
Q2j+1). Also let
Li = OC˜(P2i − P2i−1)⊗ f ∗(ni), for 1 ≤ i ≤ ω/2
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and let
Gj = OC˜(P2j+1 − P2j)⊗ f ∗(sj), for 1 ≤ j ≤ ω/2− 1
respectively.
Then
P [2] = f ∗(J [2])⊕ω/2−1i=1 LiZ/2Z⊕ω/2−1i=1 GiZ/2Z .
Proof. Modulo f ∗(J [2]) we may write F2i = L1 ⊗ G1 ⊗ . . .⊗ Gi−1 ⊗ Li
and F2i+1 = L1 ⊗ G1 ⊗ . . .⊗ Gi−1 ⊗ Li ⊗ Gi, for 1 ≤ i ≤ ω/2− 1. 
Remark 4.4. Note that L1⊗L2⊗. . .Lω/2 = F2⊗F3⊗. . .Fω ∈ f ∗(J [2]).
5. Covers of degree three
For degree three covers, the following results appear in [Rec–Ro].
Theorem 5.1. Let u : Z → X be a non-Galois cover of degree three.
Denote by g the genus of X, by α the number of total ramification
points and by β the number of simple ramification points.
Then there is a curve W admitting the symmetric group on three
letters S3 = 〈τ, σ : τ 3 = σ2 = (τσ)2 = 1〉 as group of automorphisms
and a commutative diagram of curves and covers as follows
(5.4) W
ℓ
~~}}
}}
}}
}}
γ

ψ
  A
AA
AA
AA
A
Z
u   A
AA
AA
AA
A Y
v~~}}
}}
}}
}}
X
where Y =W/〈τ〉, Z = W/〈σ〉 and X = W/S3.
Furthermore, there is an S3-equivariant isogeny
(5.5) R : JX × P (Y/X)× P (Z/X)× P (Z/X) −→ JW
given by R(x, y, z1, z2) = γ
∗x+ψ∗y+ℓ∗z1+τℓ
∗z2 where the action of S3
is trivial on the first factor of the left hand side, the alternating action
on the second factor, and the unique irreducible complex representation
of degree two of S3 on the product of the last two factors.
The cardinality of its kernel is given by
| kerR | =
{
22g−1 · 36g−3+α if β = 0
22g · 36g−3+α+β if β 6= 0 .
Remark 5.2. Observe that there are some natural restrictions on the
data. Since β = |B(Y → X)|, we must have β ≡ 0 (2). Also, if
gX = 0, then Y and Z connected imply β ≥ 2 and 2α + beta ≥ 4.
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The calculation of | kerR |mentioned above depends upon the follow-
ing lemma (c.f. [Rec–Ro, p. 136]), similar in spirit to the description of
the points of order two in a Prym variety for a degree two cover given
in Section 4.1; we include it here for the sake of completeness.
Lemma 5.3. Let W denote a curve with an S3 action and associated
Diagram (5.4).
Let
L = {z ∈ P (Z/X)[3] : ℓ∗z = τℓ∗z}
for τ an element of order three in S3, and let {P1, . . . , Pα} ⊆ Z denote
the set of total ramification points of u : Z → X.
Also, if α is greater than or equal to two, for each j in {2, . . . , α}
choose mj ∈ Pic◦(X) such that m⊗3j = OX(u(P1)−u(Pj)) and consider
the element of L given by
Fj = OZ(Pj − P1)⊗ u∗(mj) .
Then u∗ : JX → JZ is injective and
i) u∗(JX [3]) ⊆ L;
ii) for α equal to zero or one, u∗(JX [3]) = L. Thus in this case L
is isomorphic to JX [3];
iii) for α greater than one, L = u∗(JX [3])
⊕α
j=2 Fj Z/3Z.
Remark 5.4. One cand find in [R] the particular instance of Theorem
5.1 corresponding to the case v : Y → X = P1 is a hyperelliptic cover
and ψ : W → Y is a cyclic unramified cover of odd prime degree (in
our notation, this is equivalent to α = 0 and X = P1).
There he obtains an S3−equivariant isomorphism
JZ × JZ → P (W/Y )
¿From our point of view, this situation is part of the more general
S3−equivariant isogeny P (Z/X) × P (Z/X) → P (W/Y ) described in
[Rec–Ro]; together with the result that the group L is isomorphic to the
kernel of the isogeny
r : P (Z/X)× P (Z/X)→ P (W/Y )
given by
r(z1, z2) = ℓ
∗z1 + τℓ
∗z2
where τ is any element of order three in S3, also in [Rec–Ro], and
under the above assumptions, we also obtain that the isogeny r is an
isomorphism in this case.
In [Rec2] one can find the case when u : Z → X = P1 is a simple
trigonal cover (in our notation, this is equivalent to β = 0 and X = P1).
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There, an S3−equivariant isogeny is obtained
JY × JZ × JZ → JW ,
and statement ii) of the lemma is shown for the case α = 0 (and
X = P1).
6. Covers of degree four
In this section we study covers f : X → T of degree four.
There are five possibilities for f : if it is a Galois cover, then it may
be either cyclic or given by the action of the Klein group on X ; if f
is non Galois, then its corresponding Galois cover may be given either
by the action of the dihedral group of order eight or by the alternating
group on four letters or by the symmetric group on four letters.
We will see that the first three cases give the bigonal construction
as a particular instance, whereas the last two imply the trigonal con-
struction.
For each possibility of the Galois cover W → T with Galois group
G, associated to f : X → T , we will give a geometric decomposition of
JW . Such decomposition is a G−equivariant isogeny between JW and
a product of appropriate Jacobians and Pryms of intermediate covers.
Moreover, each of the complex irreducible representations of G corre-
sponds to the action of G on precisely one of the factors in the product.
We will also compute the kernel of each isogeny.
6.1. The cyclic case. If X is a curve such that
Z/4Z = 〈g : g4 = 1〉 ⊆ Aut(X)
then T will denote the quotient X/〈g〉 and F will denote the quotient
X/〈g2〉; the corresponding maps will be denoted by a : X → F and
b : F → T .
We then have the following diagram of curves and covers.
(6.6) X
a

F
b

T
Theorem 6.1. Let X be a curve such that Z/4Z = 〈g : g4 = 1〉 ⊆
Aut(X) with associated Diagram (6.6).
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Denote by δ the number of fixed points of g in X (i.e., the number
of total ramification points of the cover X → T ), and by γ the number
of fixed points of g2 in X not fixed by g.
Then:
i) gF = 2gT − 1 + δ2 and gX = 2gF − 1 + γ+δ2 = 4gT − 3 + γ+3δ2 .
Furthermore, the cardinality of the ramification locus is: δ+γ,
for a : X → F , and δ, for b : F → T .
In particular, the signature type of T is (gT ;
γ/2︷ ︸︸ ︷
2, . . . , 2,
δ︷ ︸︸ ︷
4, . . . , 4).
ii) There is a Z/4Z−equivariant isogeny
φZ/4Z : JT × P (F/T )× P (X/F )→ JW
defined by
φZ/4Z(t, f, x) = a
∗(b∗(t)) + a∗(f) + x
where the action of Z/4Z is: the trivial action on JT , the ac-
tion given by the representation g → −1 on P (F/T ), and, on
P (X/F ), the sum of the other two irreducible representations
of Z/4Z given by g → I = √−1 and g → −I, respectively.
iii) The cardinality of the kernel of φZ/4Z is given by
∣∣ker φZ/4Z∣∣=

26gT−2+δ, if δ > 0;
26gT−3, if δ = 0 and γ > 0;
26gT−4, if δ = γ = 0.
Before proving the theorem, we state an elementary remark which
will be useful in the sequel.
Remark 6.2. Let us observe that i) of the theorem imposes the condi-
tions
γ ≡ δ ≡ 0 (2) .
Moreover, if gT = 0 we must have δ ≥ 2 in order that the corre-
sponding covers be connected.
Proof. For the first statement, the cardinality of the ramification loci
is clear, thus the formulae for the genera follow from the Riemann-
Hurwitz formula.
For the second and third statements, note that by Proposition 2.5
and Remark 2.2 we have that if δ > 0, all induced homomorphisms
between Jacobians are injective, that if δ = 0 and γ > 0, then a∗ is
injective and | ker(b ◦ a)∗| = | ker b∗| = 2, finally that if δ = γ = 0, then
| ker a∗| = | ker b∗| = 2, and then apply Proposition 2.6. 
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6.2. The Klein case. Let X be a curve such that the Klein group
K = 〈σ, τ : σ2 = 1, τ 2 = 1, (στ)2 = 1〉
is contained in Aut(X).
We let T denote the quotient X/K and, for k ∈ K, k 6= 1, we will let
Xk denote the quotient X/〈k〉; the corresponding quotient maps will
be denoted by ak : X → Xk, bk : Xk → T , and f : X → T .
(6.7) X
aσ
}}{{
{{
{{
{{
aτ

aστ
""E
EE
EE
EE
E
Xσ
bσ !!C
CC
CC
CC
C
Xτ
bτ

Xστ
bστ||yy
yy
yy
yy
T
Theorem 6.3. Let X be a curve such that K ⊆ Aut(X) with associated
Diagram (6.7).
We also let 2r (resp. 2s, 2t) denote the number of fixed points in X
of στ (resp. σ, τ) (or equivalently, the cardinality of the ramification
locus of aστ , aσ, aτ , respectively).
Then:
i) If g denotes the genus of T , the genera of the intermediate cov-
ers and the cardinality of the corresponding ramification loci are
given in the following table; in particular, the signature type of
T is (g;
s︷ ︸︸ ︷
2, . . . , 2,
t︷ ︸︸ ︷
2, . . . , 2,
r︷ ︸︸ ︷
2, . . . , 2).
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genus order of ramification |B|
gX = 4g − 3 + s+ t+ r
gXσ = 2g − 1 +
r + t
2
|B(X → Xσ)| = 2s
gXτ = 2g − 1 +
s+ r
2
|B(X → Xτ )| = 2t
gXστ = 2g − 1 +
s+ t
2
|B(X → Xστ )| = 2r
|B(Xσ → T )| = t+ r
|B(Xτ → T )| = s+ r
|B(Xστ → T )| = s+ t
ii) For j, k, l ∈ {σ, τ, στ} all different, there are respective isogenies
φj : P (Xk/T )× P (Xl/T )→ P (X/Xj)
defined by
φj(x1, x2) = a
∗
k(x1) + a
∗
l (x2) .
Furthermore, kerφj ⊆ P (Xk/T )[2]×P (Xl/T )[2] and its car-
dinality is given as follows, where Bj = |B(X → Xj)|.
| kerφj| =

22gT−2, if Bj = Bk = Bl = 0;
22gT−1, if Bj = 0 and exactly one of Bk, Bl is zero;
22gT , if Bj = 0 and BkBl > 0;
22gT−1+Bj/2, if Bj > 0.
iii) There is an isogeny
ϕ : P (Xστ/T )× P (Xσ/T )× P (Xτ/T )→ P (X/T )
defined by
ϕ(x1, x2, x3) = a
∗
στ (x1) + a
∗
σ(x2) + a
∗
τ (x3) .
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Moreover, kerϕ ⊆ P (Xστ/T )[2]× P (Xσ/T )[2]× P (Xτ/T )[2]
and its cardinality is given by
| kerϕ| =
{
24gT−4, if all covers are unramified;
24gT−3+r+s+t, otherwise.
iv) There is a K−equivariant isogeny
φK : JT × P (Xστ/T )× P (Xσ/T )× P (Xτ/T )→ JX
defined by
φK(t, x1, x2, x3) = f
∗(t) + a∗στ (x1) + a
∗
σ(x2) + a
∗
τ (x3)
where the action of K is: the trivial one on JT , the action of the
irreducible representation of K given by σ → −1 and τ → −1
on P (Xστ/T ), the action of the irreducible representation of G
given by σ → 1 and τ → −1 on P (Xσ/T ), and, on P (Xτ/T ),
the action of the irreducible representation of K given by σ →
−1 and τ → 1.
The cardinality of the kernel of φK is given by
| kerφK| =

28gT−6, if all covers are unramified;
28gT−4+r+s+t, if exactly two of r, s, t are equal to zero;
28gT−3+r+s+t, if exactly one or if none of r, s, t
is equal to zero.
Remark 6.4. The restrictions on the data in this case are
r ≡ s ≡ t ≡ 0 (2)
and if gT = 0 then r + s, r + t and s+ t ≥ 2.
Proof. For any involution k ∈ K, denote Pk = P (Xk/T ).
Note that f ∗(t) ∈ JXK, for any t ∈ JT , and that if k is any involu-
tion in K, then a∗k(x) ∈ JX〈k〉, for any x ∈ JXk.
Moreover if h is any of the other two involutions in K, then h induces
the involution h˜ on Xk which gives the cover bk : Xk → T . By Corol-
lary 3.5 we have that Pk is the connected component of the identity of
ker(1 + h˜). Therefore h(a∗k(x)) = a
∗
k(h˜(x)) = −a∗k(x), for every x ∈ Pk.
This remark proves that the homomorphism φK is K−equivariant.
Consider the following homomorphisms
ps = psστ : Pστ × P (X/Xστ )→ P (X/T ) , ps(y, x) = a∗στ (y) + x
and
φ : JT × P (X/T )→ JX , φ(t, x) = f ∗(t) + x .
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By Propositions 2.6 and 2.5 we have that ps and φ are isogenies with
kernels of cardinalities
| ker ps | = |Pστ [2]| |b
∗
στJT ∩ ker a∗στ |
| ker a∗στ |
and
| kerφ | = |JT [4]|| ker f ∗| =
42gT
| ker f ∗|
respectively.
By Remark 2.2 we have
| ker f ∗| =

4, if all covers are unramified;
2, if exactly two of r, s, t are equal to zero;
1, if exactly one or if none of r, s, t is equal to zero.
Now the homomorphism ϕ may be factored as ϕ = ps ◦ (idPστ , φστ ),
and the homomorphism φK as φK = φ ◦ (idJT , ϕ).
Hence if we show that φστ is an isogeny, it will follow that ϕ and φK
are isogenies.
Assuming this, it also follows that
| kerϕ| = | ker ps | · | kerφστ | = | kerφστ ||Pστ [2]| |b
∗
στJT ∩ ker a∗στ |
| ker a∗στ |
and that
| kerφK| = | kerφ| · | kerϕ| = 4
2gT
| ker f ∗| | kerφστ ||Pστ [2]|
|b∗στJT ∩ ker a∗στ |
| ker a∗στ |
.
To complete the proof we therefore have to show that the homomor-
phism φστ : P (Xσ/T )×P (Xτ/T )→ JX is an isogeny onto P (X/Xστ)
and compute | kerφστ |, |Pστ [2]| and |b
∗
στJT ∩ ker a∗στ |
| ker a∗στ |
.
To show that φστ (P (Xσ/T )× P (Xτ/T )) is contained in P (X/Xστ)
it suffices to prove that (1 + aστ )(φστ (x1, x2)) = 0 for all (x1, x2) in
P (Xσ/T ) × P (Xτ/T ), since P (Xσ/T ) × P (Xτ/T ) is connected and
since P (X/Xστ) = (ker(1 + aστ ))
◦ by Corollary 3.5.
But it follows from the remark at the beginning of the proof of this
theorem that
(1 + aστ )(φστ (x1, x2)) = (1 + aστ )(a
∗
σ(x1) + a
∗
τ (x2)) = 0 .
Hence we have proven that φστ is a homomorphism from P (Xσ/T )×
P (Xτ/T ) to P (X/Xστ ). But these two varieties have the same dimen-
sion by i); therefore to show that φστ is an isogeny, it suffices to show
that its kernel is finite, which is what we prove next.
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The fact that if (y, x) ∈ ker ps, then y ∈ Pστ [2] follows from the proof
of Proposition 2.6.
It follows that if (x1, x2, x3) ∈ kerϕ, then we have x1 ∈ Pστ [2] by the
factorization for ϕ given above. By symmetry we obtain the inclusion
(6.8) kerϕ ⊆ Pστ [2]× Pσ[2]× Pτ [2] .
Hence we may write
ker(φστ ) = {(x1, x2) ∈ Pσ[2]× Pτ [2] : a∗σ(x1) = a∗τ (x2)}
= (a∗σ, a
∗
τ )
−1{(x, x) : x ∈ a∗σ(Pσ[2]) ∩ a∗τ (Pτ [2])}
which says it is finite, since∣∣ker(φστ )∣∣= deg a∗σ∣∣Pσ · deg a∗τ ∣∣Pτ ·∣∣a∗σ(Pσ[2]) ∩ a∗τ (Pτ [2])∣∣ .
The numbers appearing on the right side of the last equality and
also the number ker psστ = |Pστ [2]|
|b∗στJT ∩ ker a∗στ |
| ker a∗στ |
are computed in
the Appendix, thus the proof is now complete. 
Remark 6.5. Given a double cover of a double cover X → Y → T
which corresponds to a Galois four-fold cover, we have seen that in both
possible cases - a cyclic cover or a Klein group action cover - there is
another such object X ′ → Y ′ → T (a double cover of a double cover of
T ) which is naturally associated to the original one: the same one for
the cyclic case and any of the other two in Diagram (6.7) for the Klein
case.
In other words, the cyclic and the Klein constructions together give
the bigonal construction (see [D1]) for the orientable cover case.
In another section (see 7.1) we will complete the bigonal construction
to include the non-orientable case.
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7. The dihedral case
Let W be a curve such that the dihedral group of order eight D4 =
〈r, s : r4 = 1, s2 = 1, (rs)2 = 1〉 is contained in Aut(W ).
We let T denote the quotient W/D4, and for d ∈ D4, d 6= 1, we will
let Wd denote the quotient W/〈d〉.
Let Ks (resp. Krs) denote the Klein subgroup of D4 generated by r2
and s (resp. r2 and rs), and let WKs (resp. WKrs) denote the quotient
W/Ks (resp. W/Krs).
The corresponding quotient maps will be denoted by: γ : W →
T ; for n ∈ {s, r2s, r2, rs, r3s}, an : W → Wn ; for n ∈ {s, r2s, r2},
bn : Wn → WKs; for n ∈ {rs, r3s, r2}, cn : Wn → WKrs; for n ∈
{Ks, Krs, r2}, dn : Wn → T ; and e : Wr2 →Wr.
Then we have the following diagram of curves and covers.
(7.9) W
{{xx
xx
xx
xx
ar2
 ##G
GG
GG
GG
GGar2s
uukkkk
kkk
kkk
kkk
kkk
kk
ar3s
))SSS
SSS
SSS
SSS
SSS
SSS
S
Wr2s
##F
FF
FF
FF
F
Ws
bs

Wr2
##F
FF
FF
FF
F
||xx
xx
xx
xx
e

Wrs
crs

Wr3s
{{ww
ww
ww
ww
w
WKs
dKs ##F
FF
FF
FF
FF
Wr

WKrs
{{ww
ww
ww
ww
w
T
Theorem 7.1. Let W be a curve such that D4 ⊆ Aut(W ) with associ-
ated Diagram (7.9).
We let 2δ, 2α, 2γ1, 4γ2 denote the number of fixed points in W of r,
s (or r2s), rs (or r3s), r2 not fixed by r, respectively.
Then:
i) If g denotes the genus of T , the genera of the intermediate cov-
ers and the cardinality of the corresponding ramification loci are
given in the following table.
In particular, the signature type of T is
(g;
δ︷ ︸︸ ︷
4, . . . , 4,
α︷ ︸︸ ︷
2, . . . , 2,
γ1︷ ︸︸ ︷
2, . . . , 2,
γ2︷ ︸︸ ︷
2, . . . , 2) .
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genus order of ramification |B|
gW = 8g − 7 + 2α+ 2γ1 + 2γ2 + 3δ
gWs = 4g − 3 +
α+ 3δ
2
+ γ1 + γ2 = |B(W → Ws)| = 2α =
gWr2s |B(W → Wr2s)|
gWrs = 4g − 3 +
γ1 + 3δ
2
+ α+ γ2 = |B(W → Wrs)| = 2γ1 =
gWr3s |B(W → Wr3s)|
gWr2 = 4g − 3 + α+ γ1 + δ |B(W → Wr2)| = 4γ2 + 2δ
gWKs = 2g − 1 +
γ1 + δ
2
|B(Ws →WKs)| = α+ 2γ2 + δ
|B(Wr2 →WKs)| = 2α
gWKrs = 2g − 1 +
α+ δ
2
|B(Wrs →WKrs)| = γ1 + 2γ2 + δ
|B(Wr2 →WKrs)| = 2γ1
gWr = 2g − 1 +
α+ γ1
2
|B(Wr2 →Wr)| = 2δ
|B(WKs → T )| = γ1 + δ
|B(Wr → T )| = α+ γ1
|B(WKrs → T )| = α+ δ
ii) There is a D4−equivariant isogeny
φD4 : JT×P (Wr/T )×P (WKs/T )×P (WKrs/T )×2P (Ws/WKs)→ JW
given by
φD4(t, w1, w2, w3, y1, y2)) = γ
∗(t) + (e ◦ ar2)∗(w1)
+ (bs ◦ as)∗(w2) + (crs ◦ ars)∗(w3) + a∗s(y1) + ra∗s(y2)
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where the action of D4 is: the trivial one on JT , the action of
the irreducible representation of D4 given by r → 1 and s→ −1
on P (Wr/T ), the action of the irreducible representation of D4
given by r → −1 and s → 1 on P (WKs/T ), the action of the
irreducible representation of D4 given by r → −1 and s → −1
on P (WKrs/T ), and, on 2P (Ws/WKs), the action of the unique
irreducible representation of degree two of D4.
The kernel of φD4 has cardinality as follows.
∣∣ker φD4 ∣∣ Case
220g−17 if α = γ1 = γ2 = δ = 0
220g−15+4γ1 if α = γ2 = δ = 0 and γ1 > 0
220g−15 if α = γ1 = δ = 0 and γ2 > 0
220g−14+3α if γ1 = γ2 = δ = 0 and α > 0
220g−13+4δ if α = γ1 = 0 and δ > 0, for any γ2
220g−13+4γ1 if α = δ = 0 and γ1 · γ2 > 0
220g−12+4δ+4γ1 if α = 0 and δ · γ1 > 0, for any γ2
220g−13+3α+4γ1+2γ2 if δ = 0, α > 0,
and γ1 = 0, γ2 > 0 or γ2 = 0, γ1 > 0
220g−12+3α+4γ1+2γ2+5δ if α · γ1 · γ2 > 0, for any δ
iii) There is a natural isogeny (the bigonal construction)
Nm ars ◦ a∗s |P (Ws/WKs ) : P (Ws/WKs)→ P (Wrs/WKrs) .
PRYM VARIETIES AND FOURFOLD COVERS 25
If we denote by G the Klein subgroup of JWKrs [2] giving the covers
cn : Wn → WKrs for n ∈ {rs, r3s, r2} for the case δ = γ1 = γ2 = 0,
then the kernel of the isogeny has cardinality given as follows.
∣∣kerNm ars ◦ a∗s |P (Ws/WKs ) ∣∣=

22gT−5+2δ, if δ > 0 and α = γ1 = γ2 = 0;
22gT−4+2δ+γ1+γ2 , if δ > 0 and
either (γ1 > 0 and α = γ2 = 0)
or (α > 0 and γ1 = γ2 = 0)
or (γ2 > 0, γ1 = 0 and any α);
22gT−3+2δ+γ1+γ2 , if γ1 > 0 and
either (δ = α = 0 and any γ2)
or (δγ2 > 0 and any α)
or (δα > 0 and γ2 = 0);
22gT−2+δ+γ1+γ2 , if δ = 0 and
either (γ1α > 0 and any γ2)
or (γ1 = α = γ2 = 0 and
G isotropic)
or (γ1 = α = 0 and γ2 > 0);
22gT−1+γ2 , if δ = γ1 = 0 and
either (γ2α > 0)
or (γ2 = α = 0 and
G non isotropic)
or (γ2 = 0, α > 0 and
G isotropic);
22gT , if δ = γ1 = γ2 = 0,
α > 0 and G non isotropic.
Remark 7.2. The conditions on the data in this case are the following.
γ1 + δ, α + δ, α + γ1 ≡ 0 (2) .
Moreover, if g = gT = 0 then γ1 + δ, α + δ and α + γ1 ≥ 2.
Proof. Consider the following two subdiagrams of (7.9):
(7.10) Wr2
br2
||xx
xx
xx
xx
e

cr2
##F
FF
FF
FF
F
WKs
dKs ##F
FF
FF
FF
FF
Wr
dr

WKrs
dKrs{{ww
ww
ww
ww
w
T
W
ar2s
uukkkk
kkk
kkk
kkk
kkk
kk
as{{xx
xx
xx
xx
ar2

Wr2s
br2s ##F
FF
FF
FF
F
Ws
bs

Wr2
br2||xx
xx
xx
xx
WKs
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They correspond to actions of the Klein group, thus we can apply
Theorem 6.3 to obtain isogenies
φK : JT × P (Wr/T )× P (WKs/T )× P (WKrs/T )→ JWr2
and
φr2 : P (Ws/WKs)× P (Wr2s/WKs)→ P (W/Wr2)
defined by
φK(t, w1, w2, w3) = (dr ◦ e)∗(t) + e∗(w1) + b∗r2(w2) + c∗r2(w3)
and
φr2(z1, z2) = a
∗
s(z1) + a
∗
r2s(z2)
respectively.
Furthermore, we have that the cardinality of their kernels is given
by
(7.11)
| kerφK| =

28gT−6, if α = δ = γ1 = 0 ;
28gT−4+α+δ+γ1 , if exactly two of α, δ, γ1 are zero;
28gT−3+α+δ+γ1 , if exactly one or none of α, δ, γ1 is zero;
and
| kerφr2| =

216gT−14+4γ1 , if α = δ = γ2 = 0 ;
216gT−12+4γ1+2γ2+5δ , if α = 0 and γ2 + δ > 0
216gT−11+2α+4γ1+2γ2+5δ , if α > 0.
Now since r (r2s) = s r, the automorphism r : JW → JW (induced
by r : W →W ) induces an isomorphism r˜ : JWs → JWr2s, therefore
r|a∗s(P (Ws/WKs ))
: a∗s(P (Ws/WKs))→ a∗r2s(P (Wr2s/WKs))
is an isomorphism.
In particular, it follows that a∗r2s(r˜(y)) = ra
∗
s(y), for any y ∈
P (Ws/WKs). By composing with φr2 we obtain an isogeny
g : 2P (Ws/WKs)→ P (W/Wr2)
defined by
g(y1, y2) = a
∗
s(y1) + ra
∗
s(y2)
whose kernel has cardinality given by
(7.12) | ker g | =

216gT−14+4γ1 , if α = δ = γ2 = 0 ;
216gT−12+4γ1+2γ2+5δ , if α = 0 and γ2 + δ > 0
216gT−11+2α+4γ1+2γ2+5δ , if α > 0.
PRYM VARIETIES AND FOURFOLD COVERS 27
By Proposition 2.5 we also have an isogeny
φ : JWr2 × P (Wr2/T )→ JW
given by
φ(y, x) = a∗r2(y) + x
whose kernel has cardinality∣∣kerφ∣∣= ∣∣JWr2 [2]∣∣∣∣ker a∗r2∣∣ = 2
8gT−6+δ+α1+2γ1∣∣ker a∗r2∣∣ .
By Remark 2.2 we know that
∣∣ker a∗r2∣∣= 2, if δ = γ2 = 0, and that∣∣ker a∗r2∣∣= 1, otherwise.
Therefore
(7.13)
∣∣ker φ∣∣= {28gT−7+α+2γ1 , if δ = γ2 = 0;
28gT−6+δ+α+2γ1 , if δ + γ2 > 0.
Now note that
φD4 = φ ◦ (φK, g)
and it follows that φD4 is an isogeny whose kernel has cardinality∣∣ker φD4∣∣= ∣∣ker φ∣∣·∣∣ker φK∣∣·∣∣ker g∣∣ .
Combining this equality with (7.13), (7.11), and (7.12) we obtain
(7.1 ii).
Concerning the equivariance, note that the action of the irreducible
representation of order two of D4 is given by r(x, y) = (−y, x) and
s(x, y) = (x,−y).
For statement iii), we first prove that Nm ars(a
∗
s(P (Ws/WKs))) is
contained in P (Wrs/WKrs); then we show that Nm ars ◦ a∗s restricted
to P (Ws/WKs) is an isogeny and finally we compute the cardinality of
its kernel.
Let us denote by
h = (Nm ars ◦ a∗s)|P (Ws/WKs )
the restriction of Nm ars ◦ a∗s to P (Ws/WKs).
Given x ∈ P (Ws/WKs) we know from the Klein case that a∗s(x) is in
P (W/Wr2) and hence Nm ar2(a
∗
s(x)) = 0.
Therefore
Nm crs(h(x)) = (Nm crs ◦ Nm ars)(a∗s(x)))
= (Nm cr2 ◦ Nm ar2)(a∗s(x))) = 0
and it follows that h(P (Ws/WKs)) ⊆ P (Wrs/WKrs).
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To show that h is an isogeny, denote by
A = a∗s(P (Ws/WKs))
and by
B = a∗rs(P (Wrs/WKrs))
Then, by Corollary 3.5 iii), we know that
A = {z ∈ JW 〈s〉 : z + r2sz = 0}◦
and that
B = {w ∈ JW 〈rs〉 : w + r2w = 0}◦ .
Moreover, the endomorphisms of JW given by 1+rs and 1+s induce
morphisms which fit in the following commutative diagram.
(7.14)
A
Nm ars %%KK
KK
KK
KK
KK
K
1+rs // B
Nm as %%J
JJ
JJ
JJ
JJ
J
1+s // A
P (Ws/WKs)
h
//
a∗s
99tttttttttt
P (Wrs/WKrs )
a∗rs
99sssssssssss
Nm as◦a
∗
rs
// P (Ws/WKs)
a∗s
99tttttttttt
and a short computation shows that (1 + s) ◦ (1 + rs) = 2A and
(1 + rs) ◦ (1 + s) = 2B, respectively. Therefore h is an isogeny.
We now compute the cardinality of the kernel K of h through the
next steps.
1) Since
| ker ((1 + rs) ◦ a∗s)|P (Ws/WKs ) | = | ker(a
∗
rs ◦ h)| ,
we have that
(7.15) |K| =
| ker ((1 + rs) ◦ a∗s)|P (Ws/WKs ) |
| ker(a∗rs|P (Wrs/WKrs ))|
Now from the rightmost diagram in (7.10) we compute
(7.16)
∣∣ker(a∗rs|P (Wrs/WKrs ))∣∣=

1, if γ1 > 0;
2, if γ1 = 0 and γ2 + δ > 0;
1, if γ1 = γ2 = δ = 0 and G is non-isotropic;
2, if γ1 = γ2 = δ = 0 and if G is isotropic.
if G denotes the Klein subgroup of JWKrs[2] giving the covers
in the diagram for the case when they are all unramified.
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2) Since a∗s and a
∗
rs are isogenies and since (1 + s) ◦ (1 + rs) =
2A it follows that Nm as ◦ a∗rs ◦ h = 2P (Ws/WKs), so ker h ⊆
P ((Ws/WKs)[2].
The same holds for
Γ = ker((1 + r) ◦ a∗s|P (Ws/WKs ) ⊆ P (Ws/WKs)[2]
In fact, we see immediately that
Γ = {x ∈ P (Ws/WKs)[2] : a∗s(x) is D4 − invariant}
3) We compute the cardinality of Γ by decomposing it into two
parts: one coming from JWWKs and one coming from the ram-
ification of bs : Ws → WKs.
Therefore we define
(7.17) Γ1 = b
∗
s(JW
〈σ〉
Ks
) ∩ P (Ws/WKs)[2]
where σ : WKs → WKs denotes the involution induced by rs
and we will show that
Γ = Γ1 ⊕ part coming from the ramification of b∗s
In particular, if bs is unramified then it is clear that Γ = Γ1.
4) To compute Γ1 we first apply Corollary 3.2 to the cover
dKs : WKs → T to obtain
JW
〈σ〉
Ks
= dKs
∗(JT ) + P (WKs/T )[2]
and therefore
(7.18) JW
〈σ〉
Ks
[2] = (dKs
∗(JT ))[2] + P (WKs/T )[2]
But we also know (see [M2] and Section 4) that
P (WKs/T )[2] ( (dKs
∗(JT ))[2] if dKs is unramified
and
(dKs
∗(JT ))[2] = dKs
∗(JT [2]) ⊆ P (WKs/T )[2] if dKs is ramified
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Combining this information with (7.18) we obtain
(7.19)
JW
〈σ〉
Ks
[2]
∣∣JW 〈σ〉Ks [2]∣∣ Case
(dKs
∗(JT ))[2] 22gT δ = γ1 = 0
P (WKs/T )[2] 2
2gT−2+δ+γ1 δ + γ1 > 0
On the other hand we can now prove the following.
Claim 7.3. The following is always true.
JWKs
〈σ〉 ∩ ker b∗s = {0}
In particular,
P (WKs/T )[2] ∩ ker b∗s = {0} .
Proof of the claim: if bs : Ws → WKs is ramified, then b∗s :
JWKs → JWs is injective, by Proposition 2.1 and the claim
follows.
If bs : Ws → WKs is unramified then all maps on the right-
most diagram of (7.10) are unramified.
Let ker bs
∗ = {0, ηbs} ⊆ JWKs[2] the element defining the
cover bs. Also, let σ : WKs → WKs denote the involution in-
duced by rs : W →W .
¿From the following commutative diagram
W
rs //
ar2s

W
as

Wr2s
br2s

Ws
bs

WKs σ
// WKs
we see that σ∗(ηbs) defines the cover br2s : Wr2s →WKs and, in
particular, σ∗(ηbs) 6= ηbs ; i.e., ηbs /∈ JW 〈σ〉Ks , and the first part of
the claim follows in this case.
The last part follows from (7.18), since it shows that
P (WKs/T )[2] ⊆ JWKs〈σ〉. 
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We now continue the proof of the Theorem.
The claim just proved shows that b∗s(JWKs
〈σ〉) is isomorphic
to JWKs
〈σ〉.
5) Computation of Γ1, for the case bs ramified: i.e., α+2γ2+δ > 0.
In this case it follows from [M2] and Section 4 that b∗s injects
JWKs[2] into P (Ws/WKs)[2] and from Claim 7.3 that
b∗s(JWKs
〈σ〉)[2] = b∗s(JWKs
〈σ〉[2]) ⊆ P (Ws/WKs)[2]
Therefore
Γ1 = b
∗
s(JWKs
〈σ〉[2]) ∼= JWKs〈σ〉[2]
and from (7.19) we obtain the following.
(7.20)
Γ1
∣∣Γ1∣∣ Case
b∗s ((dKs
∗(JT ))[2]) 22gT δ = γ1 = 0 and
α + 2γ2 > 0
b∗s (P (WKs/T )[2]) 2
2gT−2+δ+γ1 δ + γ1 > 0 and
α + 2γ2 + δ > 0
6) Computation of Γ1, for the case bs unramified: i.e., α = γ2 =
δ = 0.
Note that in this case
Γ = Γ1 .
It follows from [M2] and Section 4 that if ker b∗s = {0, ηbs} ⊆
JWKs[2] then
{0, ηbs}⊥/{0, ηbs} ∼= b∗s({0, ηbs}⊥) = P (Ws/WKs)[2]
Let us consider the map
ps : P (WKs/T )× P (Ws/WKs)→ P (Ws/T )
(x, y)→ b∗s(x) + y
whose kernel has order
1
2
|P (WKs/T )[2]|, from Proposition 2.6.
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It is clear that this kernel is isomorphic to
F = {x ∈ P (WKs/T )[2] : b∗s(x) ∈ P (Ws/WKs)[2]}
via the map F → ker ps given by x→ (x,−b∗s(x)).
We now subdivide into two cases, according to Table 7.19.
6.1) If dKs is ramified, we know that JW
〈σ〉
Ks
[2] = P (WKs/T )[2].
Then (from Claim 7.3) we have
F ∼= b∗s(F ) = b∗s(JW 〈σ〉Ks [2]) ∩ P (Ws/WKs)[2] = Γ1
Therefore we have proved that
|Γ1| = 22dimP (Ws/T )−1 = 22gT−3+γ1 ,(7.21)
if α = γ2 = δ = 0 and γ1 > 0
6.2) If dKs is unramified, then JW
〈σ〉
Ks
[2] = (dKs
∗JT )[2].
Since b∗s({0, ηbs}⊥) = P (Ws/WKs)[2] we can write
F = {0, ηbs}⊥ ∩ P (WKs/T )[2] of index two in P (WKs/T )[2] .
Therefore P (WKs/T )[2] is not contained in {0, ηbs}⊥; since
P (WKs/T )[2] ⊆ (dKs∗JT )[2] we obtain that
(dKs
∗JT )[2] 6⊆ {0, ηbs}⊥ .
Moreover, {0, ηbs}⊥ is of index two in JWKs [2], and hence
(dKs
∗JT )[2] ∩ {0, ηbs}⊥ is of index two in (dKs∗JT )[2] .
But
b∗s((dKs
∗JT )[2] ∩ {0, ηbs}⊥) = b∗s((dKs∗JT )[2]) ∩ b∗s({0, ηbs}⊥) = Γ1
where the first equality holds since z = b∗s(x) = b
∗
s(y) with
x ∈ (dKs∗(JT ))[2] and y ∈ (ker b∗s)⊥ implies that x = y + w
with w ∈ ker b∗s, which shows that x ∈ (ker b∗s)⊥ and therefore
z ∈ b∗s((dKs∗JT )[2] ∩ {0, ηbs}⊥).
It follows that |Γ1| = 1
2
|(dKs∗JT )[2]| =
1
2
|JT [2]|.
Therefore we have proved the following.
(7.22) |Γ1| = 22gT−1 , if α = γ2 = δ = γ1 = 0
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Putting together (7.21) and (7.22) we obtain
(7.23)
Γ = Γ1
∣∣Γ∣∣ Case
b∗s(P (WKs/T )[2]) ∩ P (Ws/WKs)[2] 22gT−3+γ1 α = γ2 = δ = 0
and γ1 > 0
b∗s((dKs
∗JT )[2] ∩ {0, ηbs}⊥) 22gT−1 α = γ2 = δ = γ1 = 0
7) We now complete the description of Γ (in the case bs ramified:
α+2γ2+ δ > 0) by looking for those elements coming from the
ramification of bs.
Denote by {Q1, . . . , Q2γ2 , . . . , Q2γ2+δ+α} the ramification
points of bs ordered such that the corresponding branch points
in T
{dWKs (bs(Qi)) = dWKs (bs(Qi+1))}i∈{1,3,...,2γ2−1} are of type γ2 ;
those of type δ are
{dWKs (bs(Qi))}2γ2+1≤i≤2γ2+δ ;
and finally, those of type α are
{dWKs(bs(Qi))}2γ2+δ+1≤i≤2γ2+δ+α .
Now choose mi ∈ Pic0WKs such that
m⊗2i = OWKs (bs(Qi+1)− bs(Qi))
and set
Fi = OWs(Qi −Qi+1)⊗ b∗s(mi) ,
for 1 ≤ i ≤ 2γ2 + δ + α− 1.
Again, by Proposition 4.1 we obtain the description
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P (Ws/WKs)[2] Case
b∗s(JWKs [2]) ⊕2γ2−1i=1 FiZ/2Z⊕δ+α−1i=1 F2γ2+iZ/2Z γ2 · (δ + α) > 0
b∗s(JWKs [2]) ⊕2γ2−2i=1 FiZ/2Z δ = α = 0
and γ2 > 0
b∗s(JWKs [2])⊕δ+α−2i=1 FiZ/2Z (δ + α) > 0
and γ2 = 0
Noting that the a∗s(Fi) are D4−invariant precisely for i ∈{1, 3, . . . , 2γ2− 1} and for 2γ2 + 1 ≤ i ≤ 2γ2+ δ − 1, we obtain
that
Γ =

Γ1 ⊕γ2i=1 F2i−1Z/2Z⊕δ−1i=1 F2γ2+iZ/2Z if γ2 > 0 and δ > 0;
Γ1 ⊕γ2i=1 F2i−1Z/2Z if γ2 > 0, α > 0 and δ = 0;
Γ1 ⊕γ2−1i=1 F2i−1Z/2Z if γ2 > 0 and α = δ = 0;
Γ1 ⊕δ−1i=1 F2γ2+iZ/2Z if γ2 = 0 and α · δ > 0;
Γ1 ⊕δ−2i=1 F2γ2+iZ/2Z if γ2 = α = 0 and δ > 0;
Γ1 if γ2 = δ = 0 and α > 0 .
Combining this expression with Table 7.20 we obtain
(7.24)
∣∣Γ∣∣=

22gT−4+2δ+γ1 if α = γ2 = 0 and δ > 0;
22gT−3+2δ+γ1+γ2 if (δ > 0 and α+ γ2 > 0)
or (α = δ = 0 and γ1γ2 > 0);
22gT−2+γ1+γ2 if δ = 0 and αγ1 > 0;
22gT−1+γ2 if δ = α = γ1 = 0 and γ2 > 0;
22gT+γ2 if δ = γ1 = 0 and α > 0.
8) The proof of Theorem 7.1 iii) is completed by using (7.15) and
putting together (7.16), (7.23) and (7.24).

7.1. The bigonal construction. Giving a curve W with a D4 ac-
tion and associated Diagram (7.9) is equivalent to giving a non-Galois
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degree four cover f : X → T which factorizes through two covers of
degree two X
π→ Y g→ T .
In the Diagram, X corresponds to any one of the intermediate “first
level”quotients of W except for Wr2. Without loss of generality, let X
correspond to Ws; then Y corresponds to WKs.
In other words, we have associated to any nonorientable double cover
of a double cover, say given by
Ws
π→ WKs g→ T
another such double cover of a double cover, given by
X ′ = Wrs → Y ′ =WKrs → T .
That is, we have recovered the bigonal construction (see [D1]) for the
nonorientable case, which together with Remark 6.5 gives the bigonal
construction in general.
Furthermore, we have shown that P (X/Y ) is always isogenous to
P (X ′/Y ′) and we have described explicitly the kernel of the isogeny in
each case.
The case studied in [P] is the bigonal construction applied to a ram-
ified double cover K → K0 of a hyperelliptic curve K0 to obtain the
related cover C → C0 → P1; the main result there is that the two Prym
P (K/K0) and P (C/C0) in this special case are dual abelian varieties.
We will now obtain this result from our previous work on the action
of D4.
Let K0 be a hyperelliptic curve of genus g and let f : K0 → P1 be
the morphism given by the g12 with branch points {a1, . . . , a2g+2} ⊆ P1.
Consider a ramified cover of degree two π : K → K0, and assume
the ramification points {p1, . . . , p2h+2} satisfy the following condition
(7.25) π(pi) + π(pj) /∈ g12 for all i, j ∈ {1, . . . , 2h+ 2} .
Observe that K has genus 2g + h.
We claim that under the conditions just given, the Galois cover as-
sociated to the fourfold cover F = f ◦ π : K → K0 → P1 has Galois
group D4, with δ = γ2 = 0 and α · γ1 > 0 where α, δ, γ1 and γ2 refer
to the numbers in Theorem 7.1.
Proof of the claim: Let bi = F (pi) for 1 ≤ i ≤ 2h+ 2 and denote by
Σ = P1−{a1, . . . , a2g+2, b1, . . . , b2h+2} and by σ1, . . . , σ2g+2, τ1, . . . , τ2h+2
the corresponding generators of Π1(Σ).
Then the cover F : K → P1 corresponds to a representation
F1 : Π1(Σ)→ S4
Let G = F1(Π1(Σ)). We know that G is a transitive subgroup of
S4 and condition (7.25) implies that it is generated by transpositions
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F1(τj) and products of two disjoint transpositions F1(σk) for 1 ≤ j ≤
2h+ 2 and 1 ≤ k ≤ 2g + 2.
But furthermore, the associated diagram of cover maps
K˜
π→ K˜0 f→ Σ
where
K˜ = K − {F−1(ai), F−1(bj)} and K˜0 = K0 − {f−1(ai), f−1(bj)}
corresponds to a chain of subgroups of index two
S3 ∩G ⊆ H ⊆ G
where S3 is the subgroup of permutations of S4 fixing the fourth symbol
say, and the correspondence is given by
Π1(K˜) = F
−1
1 (S3 ∩G) ⊆ Π1(K˜0) = F−11 (H) ⊆ Π1(Σ) = F−11 (G) .
The existence of this chain of subgroups and the fact that G contains
transpositions and products of two disjoint transpositions shows that
G must be isomorphic to D4 and the type for its generators proves that
the numbers α , δ , γ1 and γ2 are as given.
In fact, recalling the notation of Theorem 7.1, without loss of gener-
ality we may assume that K =Ws and K0 =WKs; it follows that then
C = Wrs and C0 = WKrs; furthermore, α = 2h+2 and γ1 = 2g+2 are
positive and δ = γ2 = 0.
Under these conditions, observe that a∗s : JK → JW , a∗rs : JC →
JW and b∗s : JK0 → JK are injective.
Furthermore, part iii) of the Theorem shows that the isogeny
Ps = P (Ws/WKs) = P (K/K0)→ Prs = P (Wrs/WKrs) = P (C/C0)
given by H = Nm ars ◦ a∗s |Ps has as kernel b∗s(P (WKs/T )[2]) =
π∗(JK0[2]), of cardinality 2
γ1−2 = 22g.
It also follows from Diagram (7.14) that the map H˜ ◦ H : Ps H→
Prs
H˜→ Ps is multiplication by 2 in Ps, where Prs H˜→ Ps is given by
Nm as ◦ a∗rs|Prs and therefore ker(H˜ ◦H) = Ps[2].
But the polarization λPs : Ps → P̂s induced on Ps by the principal
polarization of JK has as kernel ker λPs = π
∗(JK0) ∩ Ps = π∗(JK0[2])
by Proposition 2.5, and therefore ker λPs = kerH .
Similarly, ker λPrs = ker H˜ = b
∗
rs(P (WKrs/T )[2]) = b
∗
rs(JC0[2]), of
cardinality 2α−2 = 22h.
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Therefore, there are respective isomorphisms Γ : P̂s → Prs and ∆ :
P̂rs → Ps making the following diagram commutative.
Ps
λPs

H // Prs
λPrs

H˜ // Ps
P̂s
Γ
>>~~~~~~~~
P̂rs
∆
>>~~~~~~~~
If we denote by λ the polarization on P̂s induced by λPrs via Γ, we
may complete the above to the following commutative diagram.
Ps
λPs

H // Prs
λPrs

H˜ // Ps
P̂s
Γ
>>~~~~~~~~
λ

P̂rs
∆
>>~~~~~~~~
Γ̂~~ ~
~~
~~
~~
Ps
But then it follows that
ker(λ ◦ λPs) = λ−1Ps (ker λ) = H−1(ker λPrs)
= H−1(ker H˜) = ker(H˜ ◦H) = Ps[2]
and therefore
λ = λP̂s
showing that (Ps, λPs) and (Prs, λPrs) are dual abelian varieties.
8. The alternating case
Let W be a curve such that the alternating group on four letters A4
is contained in Aut(X).
Let ∆ = W/A4 and C = W/〈σ〉 for σ ∈ A4 an element of order two.
Let U = W/K where K denotes the Klein subgroup of A4, and let
Y =W/〈τ〉 where τ ∈ A4 is an element of order three.
The corresponding cover maps will be denoted by γ : W → ∆,
ε : W → U , ν : W → C, c : C → U , ϕ : U → ∆, ψ : W → Y and
h : Y → ∆.
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Then we have the following diagram of curves and covers.
(8.26) W
ε








ν
~~}}
}}
}}
}}
γ

ψ
  A
AA
AA
AA
A
C
c

Y
h








U
ϕ   A
AA
AA
AA
A
∆
Theorem 8.1. If W is a curve such that A4 ⊆ Aut(X) with associated
Diagram (8.26), let β denote the number of fixed points of τ , and let
2γ1 denote the number of fixed points of σ.
Then:
i) If g denotes the genus of ∆, the genera of the intermediate
covers and the cardinality of the corresponding ramification loci
are given in the following table. In particular, the signature type
of ∆ is (g;
β︷ ︸︸ ︷
3, . . . , 3,
γ1︷ ︸︸ ︷
2, . . . , 2).
genus order of ramification |B|
gW = 12g − 11 + 4β + 3γ1
gC = 6g − 5 + 2β + γ1 |B(W → C)| = 2γ1
gY = 4g − 3 + β + γ1 |B(W → Y )| = 2β
gU = 3g − 2 + β |B(C → U)| = 2γ1
|B(U → ∆)| = 2β
|B(Y → ∆)| = 2β + 2γ1
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ii) There is an A4−equivariant isogeny
φA4 : J∆× P (U/∆)× 3P (C/U)→ JW
defined by
φA4(d, u, c1, c2, c3) = γ
∗(d) + ε∗(u) + ν∗(c1) + τν
∗(c2) + τ
2ν∗(c3)
where the action of A4 is: the trivial one on J∆, the action of
the sum of the other two irreducible representations of degree
one of A4 on P (U/∆), and, on 3P (C/U), the action of the
irreducible representation of degree three of A4.
The cardinality of the kernel of φA4 is given by
| kerφA4 | =

224g−22 32g−1, if all covers are unramified;
224g−22+8β 32g, if γ1 = 0 and β is positive;
224g−19+3γ1 32g−1, if β = 0 and γ1 is positive;
224g−19+8β+3γ1 32g, if β · γ1 is positive.
iii) There is a natural isogeny
Nmψ ◦ ν∗|P (C/U) : P (C/U)→ P (Y/∆)
whose kernel is contained in P (C/U)[2] and has cardinality
given as follows:
| ker(Nmψ ◦ ν∗|P (C/U))| =

24g−6+2β , if γ1 = 0 and
if P (U/∆)[2] * (ker c∗)⊥;
24g−5+2β+γ1 , otherwise.
Remark 8.2. The conditions on the data in this case are the following:
if g∆ = 0 then β ≥ 2 and β + γ1 ≥ 3 since U and Y must be connected
covers.
Proof. Statement i) is immediate.
For statement ii), consider the commutative diagram
(8.27) W
ν2
~~||
||
||
||
ν3

ν4
  B
BB
BB
BB
B
C2
c2   B
BB
BB
BB
B
C3
c3

C4
c4~~||
||
||
||
U
where Cj = W/〈(1 j)(k l)〉 with {j, k, l} = {2, 3, 4}.
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Since it corresponds to an action of the Klein group, we may apply
Theorem 6.3 to obtain an isogeny
φK : JU × P (C2/U)× P (C3/U)× P (C4/U)→ JW
given by
φK(u1, c2, c3, c4) = ε
∗(u1) + ν
∗
2(c2) + ν
∗
3(c3) + ν
∗
4(c4) .
Now we assume that C = C2 and that τ is such that
τ(1 2)(3 4) = (1 3)(2 4)τ .
Then, if we let τ˜ denote the induced isomorphism from JC to JC3,
we obtain an isomorphism
n : 3P (C/U)→ P (C2/U)× P (C3/U)× P (C4/U)
defined by
n(c1, c2, c3) = (c1, τ˜(c2), τ˜
2(c3)) .
We also have the natural isogeny
φU : J∆× P (U/∆)→ JU
(d, u)→ γ∗(d) + u .
Hence we can write
φA4(d, w, c1, c2, c3) = φK(φU(d, w), n(c1, c2, c3)) ,
and therefore φA4 is an isogeny.
It also follows that its kernel has cardinality given by∣∣ker φA4∣∣= ∣∣ker φK∣∣·∣∣kerφU ∣∣ .
But ∣∣kerφK∣∣= {224g−22+8β , if γ1 = 0;
224g−19+8β+3γ1 , if γ1 > 0,
by Theorem 6.3, and∣∣ker φU ∣∣=
{
32g−1, if β = 0;
32g, if β > 0
by Remark 2.2.
Concerning iii), we first prove that Nmψ(ν∗(P (C/U))) is contained
in P (Y/∆); then we show that Nmψ ◦ ν∗ restricted to P (C/U) is an
isogeny and finally we compute the cardinality of its kernel.
Denote by H the restriction of Nmψ ◦ ν∗ to P (C/U).
Given x in P (C/U) we obtain
Nmh(H(x)) = Nmϕ(Nm c(Nm ν(ν∗(x))))
= 2Nmϕ(Nm c(x)) = 2Nmϕ(0) = 0
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and it follows that H(P (C/U)) ⊆ P (Y/∆).
We now show that H is an isogeny. Let A = ν∗(P (C/U)) and
B = ψ∗(P (Y/∆)).
By Corollary 3.5 iii) we have that
A = {z ∈ JW : z = σ(z), z + σ′(z) = 0}◦
where σ′ is any element of order two in A4 different from σ and that
B = {w ∈ JW : w = τ(w),
∑
k∈K
k(w) = 0}◦ .
It is then clear that the endomorphisms of JW given by 1+τ+τ 2 and
1+σ induce respective isogenies 1+ τ + τ 2 : A→ B and 1+σ : B → A
such that (1 + σ) ◦ (1 + τ + τ 2) = 2A.
Now observe that the commutative diagram
(8.28) A
Nmψ ##H
HH
HH
HH
HH
1+τ+τ2 // B
Nm ν ##H
HH
HH
HH
HH
1+σ // A
P (C/U)
H
//
ν∗
;;vvvvvvvvv
P (Y/∆)
Nm ν◦ψ∗
//
ψ∗
;;vvvvvvvvv
P (C/U)
ν∗
;;vvvvvvvvv
shows that (Nm ν ◦ ψ∗) ◦H = 2P (C/U), since ν∗ is an isogeny.
In particular, kerH ⊆ P (C/U)[2].
Since it follows from (1+σ)◦(1+τ+τ 2) = 2A that ker(1+τ+τ 2)|A ⊆
A[2] and since degψ = 3 it follows that any z ∈ P (Y/∆) ∩ kerψ∗
satisfies 2z = 0 and 3z = 0, hence z = 0.
Hence ker ψ∗|P (Y/∆) = {0} and therefore ker(1 + τ + τ 2)|A =
ker(Nmψ)|A, so the description of the kernel of the isogeny in iii) is
as follows.
kerH = {z ∈ P (C/U)[2] : (1 + τ + τ 2)(ν∗(z)) = 0}.
We now compute the cardinality of this kernel.
Observe that all the cover maps in Diagram (8.27) have ramification
indices 2γ1, hence our calculation will be divided into two cases: γ1 = 0
and γ1 > 0.
Since K is a normal subgroup of A4, the action of τ onW descends to
an action on U , also denoted by τ ; recall that P (U/∆) is the connected
component of the identity of ker(1 + τ + τ 2).
Claim 8.3. If ε : W → U denotes the cover map c2 ◦ ν2, then ετ = τε.
We also have:
i) P (U/∆)[2] = (ker(1 + τ + τ 2))[2],
ii) ker ε∗ ⊆ (ker(1 + τ + τ 2))[2]
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Proof of the claim: The commutativity of ε and τ is clear.
As for i), it follows from [R, p. 61] that ker(1+ τ + τ 2) = P (U/∆)+
ϕ∗J∆[3]. Therefore, if x ∈ (ker(1 + τ + τ 2))[2] then x = u + z, with
u ∈ P (U/∆) and z ∈ ϕ∗J∆[3]. But then 0 = 2x = 2u + 2z = 2u − z,
so z ∈ P (U/∆) and hence x ∈ P (U/∆). This proves i).
To prove ii) observe that
ker ε∗ =
{
0 if γ1 6= 0
{0, ηc2, ηc3, ηc4 = ηc2 + ηc3} if γ1 = 0
and that, in the second case, τ(ηc2) = ηc3 and τ(ηc3) = ηc4. 
We continue the calculation of kerH .
Case I: γ1 = 0. In this case all the cover maps in Diagram (8.27) are
e´tale, hence ker ε∗ = {0, ηc, ηc3, ηc4} ⊆ P (U/∆)[2].
We also have c∗({0, ηc}⊥) = P (C/U)[2].
We further subdivide Case I into two subcases: Case I.a: g(= g∆) = 0
and Case I.b: g > 0.
Case I.a: g = 0. In this case P (U/∆)[2] = JU [2] and therefore
(1 + τ + τ 2)m = 0 for all m ∈ JU [2] (by Claim 8.3); in particular, for
all m ∈ {0, ηc}⊥.
But this implies that any z ∈ P (C/U)[2] satisfies (1+τ+τ 2)(ν∗(z)) =
0, since P (C/U)[2] = c∗({0, ηc}⊥) and since ε∗τ = τε∗.
We have thus proven that in this case kerH = P (C/U)[2] and there-
fore
| kerH| = 22β−6 if γ1 = g = 0 .
Case I.b: g > 0. Now let z ∈ kerH ; that is, let z be in P (C/U)[2]
such that (1 + τ + τ 2)(ν∗(z)) = 0.
Choose any m ∈ {0, ηc}⊥ such that c∗(m) = z. Then m+ τm+ τ 2m
belongs to ker ε∗ ⊆ P (U/∆)[2].
But m+τm+τ 2m also belongs to JU 〈τ〉∩P (U/∆) ⊆ P (U/∆)[3], by
Proposition 3.1 i), and therefore m+ τm+ τ 2m = 0; that is, m belongs
to P (U/∆)[2] ∩ {0, ηc}⊥.
But, since {0, ηc}⊥ is a subgroup of index two of JU [2], we have
|P (U/∆)[2] ∩ {0, ηc}⊥| =
{
22gU−2g∆ , if P (U/∆)[2] ⊆ {0, ηc}⊥;
22gU−2g∆−1, otherwise;
and therefore we obtain
| kerH| =
{
24g+2β−5, if g > 0, γ1 = 0 and P (U/∆)[2] ⊆ {0, ηc}⊥;
24g+2β−6, if g > 0, γ1 = 0 and P (U/∆)[2] * {0, ηc}⊥.
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Case II: γ1 > 0. In this case all of the maps ν
∗
j and c
∗
j are injective.
To compute the cardinality of the kernel we first describe P (C/U)[2].
We let {Q1, . . . , Qγ1 , σQ1, . . . , σQγ1} in W denote the ramification
points of ν3 :W → C3, where σ is the involution of W giving the cover
ν = ν2 :W → C = C2.
Then the ramification points of c : C → U are {P1 = ν(Q1), P2 =
ν(τ(Q1)), . . . , P2γ1−1 = ν(Qγ1), P2γ1 = ν(τ(Qγ1))}.
We now apply Corollary 4.3 to the cover c : C → U observing that
OU(εQi−ετQi) belongs to ker(1+τ+τ 2) ⊆ JU , hence for i ∈ {1, . . . , r}
we can choose ni ∈ ker(1 + τ + τ 2) such that n⊗2i = OU(εQi − ετQi).
Now, setting Li = OC(P2i−P2i−1)⊗c∗(ni) ∈ P (C/U)[2], we have that
each Li clearly satisfies (1+τ+τ 2)ν∗Li = 0, and since L1⊗L2 . . .⊗Lγ1 ∈
c∗JU [2] ∩ ker(1 + τ + τ 2), we obtain L1 ⊗L2 . . .⊗Lγ1 ∈ c∗P (U/∆)[2].
Letting G1, . . . ,Gγ1−1 be as in Corollary 4.3, we obtain
P (C/U)[2] = c∗JU [2]⊕γ1−1i=1 LiZ/2Z⊕γ1−1i=1 GiZ/2Z .
To complete our computation, observe that c∗JU [2] ∩ kerH = {z ∈
c∗JU [2] : (1+τ+τ 2)(ν∗z) = 0} is isomorphic (via c∗) to JU [2]∩ker(1+
τ + τ 2) = P (U/∆)[2] and that no nontrivial combination of the Gi is
in kerH .
Therefore we have obtained the following result: if γ1 > 0, then
kerH = c∗P (U/∆)[2]⊕γ1−1i=1 LiZ/2Z, and we have completed the proof.

8.1. The trigonal construction for the case A4. As a corollary of
Theorem 8.1 we obtain a particular case of the trigonal construction
as follows.
Let h : Y → P1 be a tetragonal curve such that all its branch points
come from triple ramification points, with the possible exception of one
which is then of type (2, 2).
If we denote by γ : W → P1 the corresponding Galois extension,
it has group A4 and we are in the situation of Diagram (8.26) with
∆ = P1 and γ1 = 0 or 1, respectively.
Moreover, P (C/U) is a classical Prym.
We can now prove the following.
Corollary 8.4. Let Y be a tetragonal curve such that all its branch
points come from triple ramification points, with the possible exception
of one which is then of type (2, 2).
Then the isogeny H : P (C/U) → JY from Theorem 8.1 iii) in-
duces an isomorphism between the principally polarized abelian vari-
eties (JY, λJY ) and ( ̂P (C/U), λ ̂P (C/U)).
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Proof. Let P = P (C/U).
Under our hypothesis the isogeny given in Theorem 8.1 iii) by H =
Nmψ◦ν∗ : P → JY has as kernel P [2], which coincides with the kernel
of λP = 2λ on P .
Therefore H factorizes as follows, with F an automorphism.
P
λP=2λ

H // JY
P̂
F
≈
>>}}}}}}}}
We will now show that the isomorphism of complex tori F : P̂ → JY
is also an isomorphism of p.p.a.v.’s.
If we denote by λ1 the polarization on P̂ induced via F by λJY , we
may complete the above diagram to the following one.
P
λP

H // JY
λJY

P̂
λ1

F
≈
88qqqqqqqqqqqqq
ĴY
F̂
≈
xxqqq
qq
qq
qq
qq
qq
P
It now follows from the commutativity of the above diagram that
λ1 is principal and that ker(λ1 ◦ λP ) = P [2]; therefore, λ1 = λP̂ , as
claimed. 
9. The symmetric case
Let W be a curve such that the symmetric group on four letters S4
is contained in Aut(W ).
Let T = W/S4 and ∆ = W/A4.
For {j, k, l} = {2, 3, 4} and σj = (1 j)(k l) ∈ S4, let Cj = W/〈σj〉
and U = W/K where K = {1, σ2, σ3, σ4} is the normal Klein subgroup
of S4.
Also, let Zkl = W/〈(k l)〉, Sj = W/〈σj , (k l)〉 the quotient by a non
normal Klein subgroup, Vj = W/〈(1 k j l)〉 the quotient by a cyclic
group of order four and Rj = W/〈(1 k j l), (k l)〉 the quotient by D4.
For n ∈ {1, 2, 3, 4} and {j, k, l, n} = {1, 2, 3, 4}, let Yn =W/〈(j k l)〉
be the quotient by a cyclic group of order three, and let Xn =
W/〈(j k l), (j k)〉 denote the quotient of W by the corresponding S3.
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Then we have a diagram of curves and covers as follows; the sub-
indices will be used as needed.
(9.29) W
ψ
((QQ
QQQ
QQQ
QQQ
QQQ
QQ
ν

ℓ
zzvv
vv
vv
vv
v
Z
π

u
))SS
SSS
SSS
SSS
SSS
SSS
S C
c

a
zzvv
vv
vv
vv
vv
b


Y
v}}{{
{{
{{
{{
h

S
p

V
q






X
f

U
r
zzvv
vv
vv
vv
vv
RRR
RRR
RR
ϕ
((QQ
QQQ
QQQ
R
g
))SSS
SSS
SSS
SSS
SSS
SSS
S ∆
d}}{{
{{
{{
{{
T
Theorem 9.1. Let W be a curve such that S4 ⊆ Aut(W ) with associ-
ated Diagram (9.29).
We let γ : W → T = W/S4 denote the quotient map, and let τ
denote any element of order three in S4.
Let 2α, 2β, 2δ, 4γ denote the number of fixed points in W of, re-
spectively, any transposition, any element of order three, any element
of order four, the square of any element of order four not fixed by the
element of order four.
Then
i) If g denotes the genus of T , the genera of the intermediate cov-
ers and the cardinality of the corresponding ramification loci are
given in the following table. In particular, the signature type of
T is (g;
α︷ ︸︸ ︷
2, . . . , 2,
β︷ ︸︸ ︷
3, . . . , 3,
γ︷ ︸︸ ︷
2, . . . , 2,
δ︷ ︸︸ ︷
4, . . . , 4).
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genus order of ramification |B|
gW = 24g − 23 + 6α + 8β + 6γ + 9δ
gC = 12g − 11 + 3α+ 4β + 2γ + 4δ |B(W → C)| = 4γ + 2δ
gZ = 12g − 11 + 5α+9δ2 + 4β + 3γ |B(W → Z)| = 2α
gY = 8g − 7 + 2α+ 2β + 2γ + 3δ |B(W → Y )| = 4β
gU = 6g − 5 + 3α+δ2 + 2β |B(C → U)| = 4γ + 2δ
gS = 6g − 5 + α+ 2β + γ + 2δ |B(Z → S)| = α+ 2γ + δ
|B(C → S)| = 2α
gX = 4g − 3 + α+3δ2 + β + γ |B(Y → X)| = 2α|B(Z → X)| = 2α+ 2β
gV = 6g − 5 + 3α+δ2 + 2β + γ |B(C → V )| = 2δ
|B(U → R)| = α+ δ
gR = 3g − 2 + α+δ2 + β |B(S → R)| = 2γ + 2δ|B(V → R)| = α+ 2γ + δ
g∆ = 2g − 1 + α+δ2 |B(Y → ∆)| = 4β + 4γ + 2δ|B(U → ∆)| = 4β
|B(R→ T )| = α+ 2β + δ
|B(X → T )| = α+ 2β + 2γ + 3δ
|B(∆→ T )| = α+ δ
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ii) There is an S4−equivariant isogeny
φS4 : JT × P (∆/T )× 2P (R/T )× 3P (S/R)× 3P (V/R)→ JW
given by
φS4(t, d, r1, r2, s1, s2, s3, v1, v2, v3) = γ
∗(t)
+ (h ◦ ψ)∗(d) + (p ◦ π ◦ ℓ)∗(r1) + τ(p ◦ π ◦ ℓ)∗(r2)
+ (a ◦ ν)∗(s1) + τ(a ◦ ν)∗(s2) + τ 2(a ◦ ν)∗(s3)
+ (b ◦ ν)∗(v1) + τ(b ◦ ν)∗(v2) + τ 2(b ◦ ν)∗(v3)
where the action of S4 is: the trivial one on JT , the alternating
action on P (∆/T ), the action of the unique irreducible repre-
sentation of degree two of S4 on 2P (R/T ), the standard action
(of degree three) of S4 on 3P (S/R), and, on 3P (V/R), the other
irreducible action of degree three of S4.
The cardinality of the kernel of φS4 is given by
| kerφS4 | =

268g−65+22β · 36g−3+β , if α = γ = δ = 0;
268g−61+15α+22β · 36g−3+α+β , if γ = δ = 0 and α > 0;
268g−59+22β+12γ · 36g−3+β , if α = δ = 0 and γ > 0;
268g−58+15α+22β+12γ+21δ · 36g−3+α+β+δ, otherwise.
iii) For any C and Y there is a natural isogeny
Nmψ ◦ ν∗|P (C/U) : P (C/U)→ P (Y/∆) .
Its kernel is contained in P (C/U)[2] and has cardinality given
as follows:
| ker(Nmψ ◦ ν∗|P (C/U)) | =

28g−10+4β+2α, if γ = δ = 0 and
if P (U/∆)[2] * (ker c∗)⊥;
28g−9+4β+2α+2γ+3δ , otherwise.
iv) For any Z and C not covering the same S there is a natural
isogeny
Nm ν ◦ ℓ∗|P (Z/S) : P (Z/S)→ P (C/U) .
Moreover, if for the case γ = δ = 0 we denote by G the Klein
subgroup of JU giving the covers cj : Cj → U for j ∈ {2, 3, 4},
then the kernel of the isogeny has cardinality given as follows:
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| ker(Nm ν ◦ ℓ∗|P (Z/S)) | =

26gT−8+2β+4δ, if γ > 0 and α = γ = 0;
26gT−7+α+2β+3γ+4δ, if either (γ > 0 and α = δ = 0)
or (δα > 0 and γ = 0) or δγ > 0;
26gT−6+α+2β+3γ , if either (αγ > 0 and δ = 0)
or (α = δ = γ = 0 and G is isotropic);
26gT−5+α+2β , if either (α = δ = γ = 0 and
G is non-isotropic)
or (α > 0, δ = γ = 0 and G is isotropic);
26gT−4+α+2β , if α > 0, γ = δ = 0 and
G is non isotropic.
v) For any S and X covered by the same Z there is a natural
isogeny (the trigonal construction)
Nm u ◦ π∗|P (S/R) : P (S/R)→ P (X/T )
whose kernel has cardinality as follows.
| ker(Nmu ◦ π∗|P (S/R)) | =

22 dimP (S/R), if g = 0 and γ + δ = 0 or 1;
24g−5+α+2β−(ε+ζ), if g > 0 and γ = δ = 0;
24g−4+α+2β+δ−ε, if g > 0 and γ + δ = 1;
24g−5+α+2β+γ+2δ−ε, if γ + δ > 1,
where ζ = [P (R/T )[2] : P (R/T )[2] ∩ {0, ηp}⊥] − 1, ε = 0 if
α > 0, ε = 1 if α = 0.
vi) There is a natural isogeny
P (∆/T )× P (V/R) −→ P (Y/X)
given by
(d, v) −→ h∗(d) + Nmψ ◦ (b ◦ ν)∗(v) .
vii) There is a natural isogeny
P (R/T )× P (Z/S) −→ P (Z/X)
given by
(r, z) −→ π∗ ◦ p∗(r) + z .
P (Z/S)× P (R/T )→ P (Z/X)
given by
Remark 9.2. Equivalently, we could start with a degree four cover
f : X → T whose Galois group is S4.
In this case, α is the number of simple ramification points of f , β
is the number of ramification points of order three, δ is the number of
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total ramification points, and 2γ is the number of the remaining type
of ramification points.
Remark 9.3. The conditions on the data are
α+ δ ≡ 0 (2)
and if g = 0 then α + δ ≥ 2, β ≥ 1 and γ + δ ≥ 1.
Proof. Using the Riemann-Hurwitz formula, statement i) is immediate.
For the proof of ii), we follow the idea behind the method of “little
groups” and apply it to the decomposition of S4 given by the semi-
direct product of the abelian normal subgroup K and a subgroup S3.
Parts iii) and iv) are immediate consequences of Theorem 8.1 iii) and
Theorem 7.1 iii), respectively.
For iii), just note that γ1 for the case A4 corresponds to 2γ + δ for
the case S4 and β for the case A4 corresponds to 2β for the case S4.
As for case iv) note that α for the case D4 coincides with α for the
case S4, as well as δ, that γ2 for the case D4 coincides with γ for the
case S4 and that γ1 for the case D4 corresponds to 2γ + δ for the case
S4.
The isogenies in statements v) through vii) are suggested by compar-
ing statement ii) with the geometric decompositions of JW obtained by
respectively applying Theorems 6.3, 7.1, 8.1 and the results of [Rec–Ro]
to the actions of appropriate subgroups of S4 on W .
Concerning ii), by Proposition 2.5 we know that there is an isogeny
φU : JU × P (W/U)→ JW , φU(u, w) = (ν ◦ c)∗(u) + w
whose kernel has cardinality given by∣∣ker φU ∣∣=
{
224g−22+6α+8β , if γ = δ = 0;
224g−20+6α+8β+6δ , otherwise.
Note that this isogeny is S4−equivariant with the corresponding nat-
ural actions of S4 on each factor on the left side.
We now decompose each such factor.
Since the action of K ⊆ S4 is trivial on JU = J(W/K), there is
a natural S4/K = S3 action on JU ; under this condition and from
[Rec–Ro], it follows that there is a natural S3−equivariant isogeny
φS3 : JT × P (∆/T )× 2P (R/T )→ JU
defined by
φS3(t, d, r1, r2) = (r ◦ g)∗(t) + ψ∗(d) + r∗(r1) + τ˜ r∗(r2)
where τ˜ is the isomorphism induced on JU by τ and the action of
S3 on the domain is given by: the trivial representation of S3 on JT ,
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the nontrivial representation of degree one on P (∆/T ), and the unique
irreducible complex representation of degree two on 2P (R/T ).
Note that each of these actions induces the corresponding irreducible
actions of S4 on each factor.
Also by [Rec–Ro], the kernel of φS3 has cardinality given by
(9.30) | kerφS3 | =
{
22g−1 · 36g−3+β, if α = δ = 0;
22g · 36g−3+α+β+δ, otherwise.
Concerning the factor P (W/U), there is a Klein-equivariant isogeny
ν∗ + τν∗ + τ 2ν∗ : 3P (C/U)→ P (W/U)
whose kernel has cardinality given by
(9.31) | ker(ν∗ + τν∗ + τ 2ν∗) | =
{
224g−24+6α+8β , if γ = δ = 0,
224g−23+6α+8β+6γ+9δ otherwise,
as in the proof of Theorem 8.1 and by Theorem 6.3.
Remark that this isogeny is, in fact, S4− equivariant.
To obtain the decomposition into irreducible representations, we fur-
ther decompose P (C/U) as follows: Note that the following piece of
Diagram (9.29) corresponds to an action of a Klein group on C
C
 



 @
@@
@@
@@
S
?
??
??
??
V

U
~~
~~
~~
~
R
By Theorem 6.3 ii) we have a natural Klein-equivariant isogeny de-
fined by
a∗ + b∗ : P (S/R)× P (V/R)→ P (C/U) .
Furthermore, the cardinality of its kernel is given by
(9.32) | ker(a∗ + b∗)| =
{
26g−6+2β, if α = γ = δ = 0;
26g−5+α+2β+2γ+2δ, otherwise.
Note that, then, the isogeny
3P (S/R)× 3P (V/R)→ P (W/U)
given by the composition of the last two isogenies is S4−equivariant,
where the action on 3P (S/R) is the standard one and the action on
3P (V/R) is the other irreducible action of degree three.
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Combining the given isogenies we obtain part ii).
Concerning v), let Z be the common cover of S and X via π : Z → S
and u : Z → X respectively.
We first prove that Nm u(π∗(P (S/R))) is contained in P (X/T ); then
we show that Nm u ◦ π∗ restricted to P (S/R) is an isogeny and finally
we compute the cardinality of its kernel.
Let x ∈ P (S/R) and denote by H the restriction of Nm u ◦ π∗ to
P (S/R); we need to show that H(x) ∈ P (X/T ). Since P (S/R) is
connected, it is enough to show that Nm f(H(x)) = 0. But
Nm f(H(x)) = Nm g(Nm p (Nm π(π∗(x))))
= Nm g(Nm p (2x))
= 2Nm g(0)
= 0
We now show that H is an isogeny.
We may assume that S = Sj = W/〈(1 j), (k l)〉 and that X =
W/〈τ, (1 j)〉 where τ denotes an element of order three of S4. Then
Z = Z1j is a common cover of S and X , via π : Z → S and u : Z → X .
Let A = ℓ∗(π∗(P (S/R))) and let B = ℓ∗(u∗(P (X/T ))). Also, let
σ = (1 k)(j l) denote an element ofK ⊆ S4 which induces the involution
S → S giving the cover S → R.
By Corollary 3.5 iii) we have that
A = {z ∈ JW 〈(1 j),(k l)〉 : z + σz = 0}◦
and that
B = {w ∈ JW 〈τ,(1 j)〉 :
∑
k∈K
k(w) = 0}◦ .
It is then clear that the endomorphisms of JW given by 1 + τ + τ 2
and 1 + (k l) induce respective isogenies 1 + τ + τ 2 : A → B and
1 + (k l) : B → A such that (1 + (k l)) ◦ (1 + τ + τ 2) = 2A.
We also have the following commutative diagram
(9.33)
A
1+τ+τ2 // B
1+(k l)
// A
π∗(P (S/R))
Nmu
**UUU
UUU
UUU
UUU
UUU
UU
u∗◦Nmu //
ℓ∗
99ssssssssss
u∗(P (X/T ))
Nmπ
**UUU
UUU
UUU
UUU
UUU
UU
π∗◦Nm π //
ℓ∗
99sssssssssss
π∗(P (S/R))
ℓ∗
99ssssssssss
P (S/R)
π∗ ∼=
OO
H
// P (X/T )
u∗ ∼=
OO
Nm π◦u∗
// P (S/R)
π∗ ∼=
OO
which shows that H is an isogeny.
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We are interested in computing the kernel of this isogeny.
For this, first note that it follows from Claim 7.3 in the proof of
Theorem 7.1 iii) that π∗ restricted to P (S/R) is injective; therefore, the
two external vertical arrows of Diagram 9.33 are isomorphisms. That
the middle vertical line is also an isomorphism follows from Lemma 5.3
(see also [Rec–Ro, p. 136]).
We can now prove the following result, which will be fundamental to
complete the proof of the Theorem.
Claim 9.4. The composition
P (S/R)
H // P (X/T )
Nm π◦u∗ // P (S/R)
is multiplication by 2.
Proof of the claim: Since the topmost line of Diagram (9.33) is multi-
plication by 2 on A and since ℓ∗ is an isogeny, it follows that the middle
line is multiplication by 2 on π∗(P (S/R)). But then the claim follows
since we already know that the vertical arrows are isomorphisms. 
A similar proof shows that we also have the following result.
Lemma 9.5. The composition
u∗(P (X/T ))
π∗◦Nm π // π∗(P (S/R))
u∗◦Nmu // u∗(P (X/T ))
is multiplication by 2.
An immediate consequence of Claim 9.4 is that kerH ⊆ P (S/R)[2].
Now it follows from Diagram (9.33) that kerH is contained in the
following set.
(9.34) F = {x ∈ P (S/R)[2] : (1 + τ + τ 2)ℓ∗π∗(x) = 0}
In fact, we can be more precise.
Remark 9.6. Recall that if α = 0, it follows from the description
given in the table in part i) of Theorem 9.1 that the covers ℓ : W → Z,
v : Y → X and a : C → S are unramified of degree two, and therefore
the kernels of the respective ∗-induced maps on Jacobians are non trivial
subgroups of order two of JZ[2], JX [2] and JS[2] respectively.
If moreover δ = 0 then we must have T 6= P1 for ∆ → T to be
connected.
Claim 9.7. If α = 0 then there exists s ∈ F such that u∗(H(s)) = ηℓ.
In particular, ηℓ ∈ u∗(P (X/T )).
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Proof. Note that u∗ is always injective and that u∗(ηv) = ηℓ; hence it
is enough to show that there is s ∈ P (S/R)[2] such that H(s) = ηv
because if this holds then 0 = ℓ∗(u∗(ηv)) = ℓ
∗(u∗(H(s)) = (1 + τ +
τ 2)(ℓ∗(π∗(s))) and therefore s ∈ F .
Furthermore, note that
Nm u(ηℓ) = Nm u(u
∗(ηv)) = 3ηv = ηv
and therefore
u∗(Nm u(ηℓ)) = ηℓ
We also observe that since f ∗ : JT → JX is always injective (because
it does not factor), we always have f ∗(JT [4]) ⊆ P (X/T )[4].
We consider two cases.
i) Case 1: δ > 0: In this case it follows from Case III in the
Appendix that ηa ∈ P (S/R)[2]. Furthermore, it is clear that
π∗(ηa) = ηℓ, by commutativity of the following subdiagram and
by the injectivity of π∗.
W
ℓ
~~}}
}}
}}
}}
ν

Z
π

C
a
~~}}
}}
}}
}}
S
But then
ηv = Nm u(ηℓ) = Nm u(π
∗(ηa)) = H(ηa)
and we are done.
ii) Case 2: δ = 0: In this case ηδ is a point of order two in JT and
therefore f ∗(ηδ) = ηv ∈ P (X/T ).
But we also have
ℓ∗(π∗ ◦Nm π(ηℓ)) = (1 + (k l))(ℓ∗(ηℓ)) = 0
where the first equality follows from Diagram 9.33, and hence
π∗ ◦ Nm π(ηℓ) ∈ ker ℓ∗ = {0, ηℓ}.
We will now show that π∗ ◦ Nm π(ηℓ) = 0: if not, then
(π∗ ◦ Nm π)(ηℓ) = ηℓ
and it follows that
(u∗ ◦ Nm u) ◦ (π∗ ◦ Nm π)(ηℓ) = (u∗ ◦ Nm u)(ηℓ) = ηℓ .
But we also have that (u∗◦Nm u)◦(π∗◦Nm π) is multiplication
by 2 on u∗(P (X/T )), from Lemma 9.5, which is a contradiction.
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Having proven that (π∗ ◦ Nm π)(ηℓ) = 0, note that then
(u∗ ◦ Nm u)−1(ηℓ) ⊆ ker((π∗ ◦ Nm π) ◦ (u∗ ◦ Nm u)) = (π∗(P (S/R))[2]
where the last equality follows from Claim 9.4.
Hence there is z ∈ (π∗(P (S/R))[2] such that (u∗◦Nm u)(z) =
ηℓ; since π
∗ is an isomorphism on P (S/R), there exists s ∈
P (S/R)[2] such that (u∗ ◦ Nm u)(π∗(s)) = ηℓ.

We can now prove the following result, interesting on its own.
Proposition 9.8. kerH = F if and only if α 6= 0.
Moreover, if α = 0 then [F : kerH ] = 2.
Proof. Assume there exists s ∈ F with s /∈ kerH . Then u∗(H(s)) is
the non-zero element of ker ℓ∗ in u∗(P (X/T )), because u∗ : JX → JZ
is injective as we know from Lemma 5.3 and by the commutativity of
Diagram 9.33; therefore α = 0.
Furthermore, it follows that H(s) ∈ P (X/T )[2] is the non-zero ele-
ment of ker v∗ and hence the difference of two such s is an element of
kerH ; therefore [F : kerH ] = 2 in this case. The result now follows
from Claim 9.7. 
To compute the cardinality of kerH it now suffices to compute the
cardinality of F .
Towards this goal we now prove the following result.
Claim 9.9. With the notation of Diagram (9.29)) we have the following
description.
r∗−1(P (U/∆)[2]) = P (R/T )[2] = {x ∈ JR[2] : (1+τ+τ 2)ℓ∗π∗p∗x = 0}.
Proof of the claim: We recall from the theory of S3−actions (see
[Rec–Ro]) that r∗ : P (R/T ) → P (U/∆) is injective and also that
ker{P (R/T ) × P (R/T ) r∗+τr∗−→ P (U/∆)} = {(x, y) : r∗x = τr∗y, x ∈
P (R/T )[3]}.
Hence r∗P (R/T )[2] ∩ τr∗P (R/T )[2] = {0} and therefore
r∗P (R/T )[2] + τr∗P (R/T )[2] = P (U/∆)[2]
(by counting cardinalities).
The first equality in the claim follows now from the injectivity of
r∗ on P (R/T ). Noting that (1 + τ + τ 2)ℓ∗π∗p∗ = (1 + τ + τ 2)ε∗r∗ =
ε∗(1+τ+τ 2)r∗ and using the first equality, we obtain that P (R/T )[2] ⊆
{x ∈ JR[2] : (1 + τ + τ 2)ℓ∗π∗p∗x = 0}.
Conversely, given x ∈ {x ∈ JR[2] : (1 + τ + τ 2)ℓ∗π∗p∗x = 0}, then
(1 + τ + τ 2)r∗(x) ∈ ker ε∗.
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Since ker ε∗ ⊆ ker(1 + τ + τ 2) by Claim 8.3 in the proof of Theorem
8.1, it follows that (1 + τ + τ 2)(1 + τ + τ 2)r∗(x) = 0.
But (1 + τ + τ 2)(1 + τ + τ 2)r∗(x) = 3(1 + τ + τ 2)r∗(x) = (1 + τ +
τ 2)r∗(3x) = (1 + τ + τ 2)r∗(x) since 3x = x. Using the first equality
again, the claim is proved. 
An immediate corollary of this claim is the following result.
Claim 9.10. If p : S → R is unramified, then ηp is in P (R/T ).
Proof of the claim: Since p unramified is equivalent to 2γ + 2δ = 0,
in this case we have that all maps ci : Ci → U are unramified.
Furthermore, it is clear that r∗ηp = ηci for the unique i such that Ci
covers S. But then r∗ηp belongs to ker ε
∗ ⊆ P (U/∆)[2] and this claim
follows from Claim 9.9. 
Remark 9.11. Recall that we are interested in describing the set F
defined in (9.34).
Note that p∗(P (R/T )[2]) ∩ P (S/R)[2] is contained in F , by Claim
9.9.
The general philosophy to complete the description is based on prov-
ing that the complementary part of F arises from some specific elements
of P (S/R)[2] which come from the ramification of p : S → R.
In particular, if p is unramified we should already have a description
of F .
Our next result shows that this is the case, even if p has two ramifi-
cation points.
Proposition 9.12. If 2γ + 2δ = 0 or 2, then
F = p∗(P (R/T )[2]) ∩ P (S/R)[2]
Proof. If x is any element of F , then x ∈ P (S/R)[2] and (1 + τ +
τ 2)ℓ∗π∗(x) = 0.
If 2γ+2δ = 0 we know that P (S/R)[2] = p∗({0, ηp}⊥) and if 2γ+2δ =
2 then P (S/R)[2] = p∗(JR[2]).
In both cases there exists y ∈ JR[2] such that p∗(y) = x; it now
follows from Claim 9.9 that y ∈ P (R/T )[2] and the result is proved. 
We will analyze a further special case in the next section.
9.1. The classical case of the trigonal construction. Since the
trigonal construction has been very useful in the theory of Prym vari-
eties of unramified double covers, we devote this paragraph to it.
We say that we are in the classical case if the curveW with S4-action
–as in Diagram (9.29)– is such that
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i) W/S4 = T = P1, and such that
ii) the canonical polarization on JS induces λP = 2λ twice a prin-
cipal polarization on P (S/R).
In this case P (X/T ) = JX is also a principally polarized abelian
variety.
Note that condition ii) occurs precisely when p : S → R is unramified
or when it has two ramification points; equivalently, when 2γ + 2δ = 0
or 2.
Condition i) forces the double cover d : ∆→ P1 to have at least two
points of ramification, since ∆ must be connected; equivalently, α + δ
must be even and greater or equal to two.
Observe that both conditions together exclude the possibility α = 0
for the classical case, and also that they imply that the triple cover
R→ T = P1 has at least one simple ramification point.
Remark 9.13. We could also say that the classical case corresponds to
starting with a tetragonal curve X with at least one simple ramification
point and either no total ramification points nor points of type (2, 2),
or no total ramification point and one ramification point of type (2, 2),
or with one total ramification point and no ramification point of type
(2, 2).
Or, equivalently, to a double cover, either unramified or with two
ramification points, of a trigonal curve with at least one simple ramifi-
cation point: S → R→ P1.
The trigonal construction (see [Rec2]) shows that these two situa-
tions are equivalent and, furthermore, that then P (S/R) and JX are
isomorphic as principally polarized abelian varieties.
In both cases the corresponding Galois cover is given by the group S4
and we are in the situation of Theorem 9.1 with T = P1, α > 0 and
2γ + 2δ = 0 or 2; i.e., in the classical case.
We will now prove that we can also obtain from our methods that the
two principally polarized abelian varieties are isomorphic.
We will first compute kerH for the classical case.
Proposition 9.14. If T = P1 and either 2γ + 2δ = 0 or 2, then the
kernel of the morphism H = Nm u ◦ π∗ : P (S/R)→ JX is P (S/R)[2].
Proof. Note first that if T = P1, it follows from Claim 9.9 that JR[2] =
{x ∈ JR[2] : (1 + τ + τ 2)ℓ∗π∗p∗x = 0}. Therefore p∗(JR[2]) ⊆ F ;
applying Proposition 9.12 we obtain F = P (S/R)[2]. It follows from
α 6= 0 and Proposition 9.8 that
kerH = P (S/R)[2]
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in the classical case. 
Now we can prove the following result.
Theorem 9.15. If T = P1 and either 2γ + 2δ = 0 or 2, then the
morphism H = Nm u ◦ π∗|P (S/R) : P (S/R) → JX induces an isomor-
phism between the principally polarized abelian varieties (JX, λJX) and
(P̂ (S/R), λ ̂P (S/R)).
Proof. If we denote by λP the polarization on P = P (S/R) induced by
the natural principal polarization on JS, it follows from our hypothesis
that there exists a principal polarization λ on P such that λP = 2λ.
Then note that, since ker λP = P [2] = ker
(
P
Nmu◦π∗−→ JX
)
, there ex-
ists an isomorphism F : P̂ → JX such that the following diagram
commutes.
P
λP=2λ

Nmu◦π∗ // JX
P̂
F
≈
88ppppppppppppp
We now show that the isomorphism F of tori is also an isomorphism of
principally polarized abelian varieties. If we denote by λ1 the polariza-
tion on P̂ induced via F by λJX , we may complete the above diagram
to the following one.
P
λP

Nmu◦π∗ // JX
λJX

P̂
λ1

F
≈
88ppppppppppppp
ĴX
F̂
≈
xxppp
pp
pp
pp
pp
pp
P
It now follows from the commutativity of the above diagram that λ1 is
principal and that ker(λ1 ◦ λP ) = P [2]; therefore, λ1 = λP̂ , as claimed.

9.2. Completion of the principally polarized P (S/R) case. In
this section we compute kerH for the remaining principally polarized
cases: T 6= P1 and either 2γ + 2δ = 0 or 2.
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Proposition 9.16. Assume T 6= P1 and 2γ + 2δ = 0 or 2. Then the
cardinality of kerH is given as follows.
∣∣kerH∣∣ =

24g−5+α+2β , if γ = δ = 0, α > 0
and P (R/T )[2] ⊆ {0, ηp}⊥;
24g−6+2β , if γ = δ = 0 = α
and P (R/T )[2] ⊆ {0, ηp}⊥;
24g−6+α+2β , if γ = δ = 0, α > 0
and P (R/T )[2] 6⊆ {0, ηp}⊥;
24g−7+2β , if γ = δ = 0 = α
and P (R/T )[2] 6⊆ {0, ηp}⊥;
24g−4+α+2β+δ , if 2γ + 2δ = 2 and α > 0;
24g−5+2β+δ , if 2γ + 2δ = 2 and α = 0
Proof. Recall that F = p∗(P (R/T )[2])∩P (S/R)[2] holds under our hy-
pothesis, from Proposition 9.12. If 2γ + 2δ = 2, we know that p∗ is in-
jective and P (S/R)[2] = p∗(JR[2]); it follows that F = p∗(P (R/T )[2]),
with
∣∣F ∣∣ = 24g−4+α+2β+δ. We may now apply Proposition 9.8 to con-
clude that if α is positive then kerH = F and if α is zero then
[F : kerH ] = 2. If 2γ + 2δ = 0 we know that ηp ∈ P (R/T ), from
Claim 9.10, and also that P (S/R)[2] = p∗({0, ηp}⊥) and is isomorphic
to {0, ηp}⊥/{0, ηp}.
Therefore we have to analyze two separate cases:
(1) P (R/T )[2] ⊆ {0, ηp}⊥, or
(2) P (R/T )[2] 6⊆ {0, ηp}⊥, which means P (R/T )[2] ∩ {0, ηp}⊥ is of
Z/2Z-codimension 1 in P (R/T )[2].
In Case 1) we obtain F = p∗(P (R/T )[2]), which is isomorphic to
P (R/T )[2]/{0, ηp}, and therefore
∣∣F ∣∣ = 24g−5+α+2β+δ. In Case 2) F =
p∗(P (R/T )[2]∩{0, ηp}⊥) is isomorphic to P (R/T )[2]∩{0, ηp}⊥/{0, ηp},
and therefore
∣∣F ∣∣ = 24g−6+α+2β+δ. Now each of the two cases splits into
two more, depending on whether α > 0 (with
∣∣kerH∣∣ = ∣∣F ∣∣) or α = 0,
with
∣∣kerH∣∣ = ∣∣F ∣∣/2). 
9.3. The general case. We may now assume that 2γ+2δ > 2; we will
continue the description of F by constructing the elements of P (S/R)[2]
coming from the ramification. Then we will decide which of those lie
in F .
First note that there are four types of points in T over which f :
X → T ramifies: the α, β, δ and γ points, corresponding to the images
of simple, triple, total or (2, 2) type of ramification points, respectively.
Their preimages via g : R→ T are the places over which p : S → R
may ramify. Careful consideration of the group actions involved shows
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that the α and the β points do not contribute and that the δ and γ
points do contribute, in the following way.
The γ points: If γt ∈ T is a γ point we will denote
g∗(γt) = γ1
′ + γ2
′ + γ3
′ , γi
′ ∈ R
where
p∗(γ1
′) = 2γ1, p
∗(γ2
′) = 2γ2 and p
∗(γ3
′) = γ5 + γ6 , γj ∈ S.
With respect to r : U → R, we choose n ∈ JR such that
n⊗2 = OR(γ1′ − γ2′) and r∗(n) ∈ ker(1 + τ + τ 2)
Then
G = OS(γ2 − γ1)⊗ p∗(n)
is in P (S/R)[2] and we also have
(1 + τ + τ 2)ℓ∗π∗(G) = 0 ;
that is, we have constructed an element of F .
Therefore, if we enumerate the γ points of T as γ1t , . . . γ
γ
t , we have
that the corresponding points γ11 , γ
1
2 , . . . γ
γ
1 , γ
γ
2 in S are ramification
points of p : S → R, and as above we construct, for each i in {1, . . . , γ},
elements in F given as follows
G2i−1 = OS(γi2 − γi1)⊗ p∗(ni)
with ni ∈ JR, n⊗2i = OR(γi1′ − γi2′) and (1 + τ + τ 2)r∗(ni) = 0.
Similarly, we construct elements of P (S/R)[2] as follows.
G2i = OS(γi+11 − γi2)⊗ p∗(mi)
with mi ∈ JR, m⊗2i = OR(γi2′ − γi1′).
The δ points:
If δt ∈ T is a δ point we will denote
g∗(δt) = δ1
′ + 2δ23
′ , δi
′ ∈ R
and
p∗(δ1
′) = 2δ1, p
∗(δ23
′) = 2δ23 , δj ∈ S .
Next choose n ∈ JR such that
n⊗2 = OR(δ23′ − δ1′) with r∗(n) ∈ ker(1 + τ + τ 2) .
If we define D as follows
D = OS(δ1 − δ23)⊗ p∗(n)
then it is in P (S/R)[2] and we also have
(1 + τ + τ 2)ℓ∗π∗(D) = 0 ;
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that is, we have constructed an element of F .
Therefore, if we enumerate the δ points of T as δ1t , . . . δ
δ
t , we have that
the corresponding points δ11, δ
1
23, . . . δ
δ
1, δ
δ
23 in S are ramification points
of p : S → R, and as above we construct, for each i in {1, . . . , δ},
elements in F given as follows
D2i−1 = OS(δi1 − δi23)⊗ p∗(ni)
with ni ∈ JR, n⊗2i = OR(δi23′ − δi1′) and (1 + τ + τ 2)r∗(ni) = 0.
Similarly, we construct elements of P (S/R)[2] as follows.
D2i = OS(δi+123 − δi1)⊗ p∗(mi)
with mi ∈ JR, m⊗2i = OR(δi1′ − δi23′).
Finally, if γδ > 0 we consider one more sheaf which links both cases:
L = OS(δ11 − δδ2)⊗ p∗(m)
with m ∈ JR and
m⊗2 = OR(δγ2 ′ − δ11 ′) .
Now we can apply Corollary 4.3 to give a description of P (S/R)[2]
in this case: 2γ + 2δ > 2.
(9.35)
P (S/R)[2] Case
p∗JR[2]⊕2γ−1j=1 GjZ/2Z ⊕ LZ/2Z⊕2δ−2j=1 DjZ/2Z δγ > 0 and 2γ + 2δ > 2
p∗JR[2]⊕2γ−2j=1 GjZ/2Z δ = 0 and γ ≥ 2
p∗JR[2]⊕2δ−2j=1 DjZ/2Z δ ≥ 2 and γ = 0
We are now ready to describe F for the case 2γ + 2δ > 2.
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Proposition 9.17. With the above notation, F is described as follows.
(9.36)
F Case
p∗(P (R/T )[2]) ⊕γj=1 G2j−1Z/2Z⊕δ−1j=1 D2j−1Z/2Z δγ > 0 and 2γ + 2δ > 2
p∗(P (R/T )[2]) ⊕γ−1j=1 G2j−1Z/2Z δ = 0 and γ ≥ 2
p∗(P (R/T )[2]) ⊕δ−1j=1 D2j−1Z/2Z δ ≥ 2 and γ = 0
Proof. Since we are assuming 2γ + 2δ > 2, p∗ : JR→ JS is injective; hence
p∗(P (R/T )[2]) ⊆ P (S/R)[2] and therefore the factor of F not coming from
the ramification is p∗(P (R/T )[2]).
For δγ > 0, let F = {G2j−1,D2i−1} with 1 ≤ j ≤ γ and 1 ≤ i ≤ δ; if
γ ≥ 2 and δ = 0, let F = {G2j−1} with 1 ≤ j ≤ γ; and if δ ≥ 2 and γ = 0,
let F = {D2i−1} with 1 ≤ i ≤ δ.
Note that, in each case, the elements of the collection F span the sheaves
S which come from the ramification and such that (1 + τ + τ2)ℓ∗π∗(S) = 0;
i.e., those elements of F coming from the ramification.
Also, there is exactly one relation among them (c.f. Remark 4.4). 
In this way we have obtained that
∣∣F ∣∣ = 22(gR−gT )+γ+δ−1 =
24g−5+α+2β+γ+2δ whenever 2γ + 2δ > 2.
Now we can compute
∣∣kerH∣∣ for this case.
Proposition 9.18. If 2γ +2δ > 2, then the cardinality of kerH is given as
follows.
∣∣kerH∣∣ = {24g−5+α+2β+γ+2δ , if 2γ + 2δ > 2 and α > 0;
24g−6+α+2β+γ+2δ , if 2γ + 2δ > 2 and α = 0.
Proof. We know from Proposition 9.8 that if α is positive, then
∣∣kerH∣∣ = ∣∣F ∣∣
and that if α = 0, then
∣∣kerH∣∣ = ∣∣F ∣∣/2. 
We have thus completed the proof of v) in Theorem 9.1.
As for vi), let us fix the notation: V = V3, R = R3, Y = Y4 and X = X4
and let
T0JW = U⊕U′ ⊕V2 ⊕V3 ⊕V′3
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denote the isotypical decomposition of the tangent space to JW at the
origin, where U = Un0 , U′ = U ′n1 , V2 = Vn22 , V3 = Vn33 , V′3 = V ′3n4 with
U , U ′, V2, V3, V ′3 = V3 ⊗U ′ the complex irreducible representations of S4 of
respective degrees 1, 1, 2, 3 and 3.
Following [SA], we compare actions to obtain the isogeny, as follows.
A short computation shows that
(d(b ◦ ν)∗)0(T0P (V/R)) = V′3〈(1 3)(2 4)〉 ,
(d(ψ ◦ h)∗)0(T0P (∆/T )) = U′ and
(dψ∗)0(T0P (Y/X)) = U
′ ⊕V′3〈(1 2 3)〉 .
Therefore it follows from the second and third equalities that
T0P (Y/X) = (dh
∗)0(T0P (∆/T ))⊕ (dψ∗)−10 V′3〈(1 2 3)〉
But we can also prove that
(1 + τ + τ2)V ′3〈(1 3)(2 4)〉 = V ′3〈(1 2 3)〉 ,
hence
(1 + τ + τ2)(d(b ◦ ν)∗)0(T0P (V/R)) = (1 + τ + τ2)V′3〈(1 3)(2 4)〉 = V′3〈(1 2 3)〉
If we now observe that on JW we have 1+ τ + τ2 = ψ∗ ◦Nmψ, we obtain
T0P (Y/X) = (dh
∗)0(T0P (∆/T ))⊕ d(Nmψ ◦ (b ◦ ν)∗)0(T0P (V/R))
proving vi).
As for vii), let us fix Z = Z13, S = S3, R = R3 and X = X4.
Since |P (Z/S) ∩ π∗(JS)| <∞ then
(9.37) |P (Z/S) ∩ π∗ ◦ p∗(P (R/T ))| <∞ .
On the other hand, some computations show that
T0(ℓ
∗ ◦ π∗ ◦ p∗P (R/T )) = V2〈(1 3)〉
T0(ℓ
∗ ◦ u∗JX) = V3〈(1 2),(1 3)〉 ⊕U
and
T0ℓ
∗JZ = V3
〈(1 3)〉 ∩ T0(ℓ∗P (Z/X)) ⊕V′3〈(1 3)〉
⊕V2〈(1 3)〉 ⊕V3〈(1 2),(1 3)〉 ⊕U .
These equalities imply that π∗ ◦ p∗P (R/T ) ⊆ P (Z/X). But
dimP (R/T ) + dimP (Z/S) = dimP (Z/X)
which together with (9.37) complete the proof of vii) and of Theorem 9.1. 
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10. Other applications
10.1. Examples. Throughout the paper we did put some obvious re-
strictions to the ramification data in some formulae.
Here we will actually construct curves with given ramification data
and given G−action, where G is one of the groups associated to non-
Galois fourfold covers, as considered in this paper: S4, A4 or D4.
For this we recall the general construction: consider an n−fold cover
between complex curves
f : X → T .
If we denote by B(f) = {P1, . . . , Pω} ⊆ T the branch locus of f , we
have an induced homomorphism
f# : Π1(T − B(f))→ Sn
By the Monodromy theorem and the Riemann extension theorem,
we know that the covers f (up to isomorphism) are classified by the ho-
momorphisms f# with transitive image (up to inner automorphisms).
Moreover, one knows that f#
−1
(Sn−1) ≈ Π1(X − f−1(B(f))) and
that ker f# ≈ Π1(W − γ−1(B(f))), where γ : W → T is the corre-
sponding Galois extension of f , with group G = Im f# ⊆ Sn.
Also recall that
Π1 = Π1(T −B(f)) = 〈α1, β1, . . . , αg, βg, σ1, . . . , σω :
α1β1α
−1
1 β
−1
1 . . . αgβgα
−1
g β
−1
g = σ1 . . . σω〉
where g = genus of T , α1, β1, . . . , αg, βg are canonical generators for
Π1(T ) and each σj is represented by a trajectory going from the base
point to near Pj, around it once in the appropriate direction, and back.
So, to construct W with G = S4 action and given values of α, β,
γ and δ, where ω = α + β + γ + δ, is equivalent to the construction
of a four-fold cover of curves f : X → T with those ramification val-
ues, and therefore also equivalent to the construction of a surjective
homomorphism
f# : Π1 → S4
such that

f#(σ1), . . . , f
#(σα) are transpositions;
f#(σα+1), . . . , f
#(σα+β) are three-cycles;
f#(σα+β+1), . . . , f
#(σα+β+γ) are products of two
disjoint transpositions;
f#(σα+β+γ+1), . . . , f
#(σα+β+γ+δ) are four-cycles;
(10.38)
64 SEVI´N RECILLAS AND RUBI´ E. RODRI´GUEZ
For the other cases G = A4 or G = D4 the condition that f# be
surjective changes to Im f# = G is a transitive group of S4, whereas
(10.38) stays the same.
10.2. Jacobians of curves isogenous to a product of Jacobians.
The equivariant isogeny φS4 of Theorem 9.1 induces an isogeny
φ : JU × 3P (S/R)× 3P (V/R)→ JW
Hence we obtain curves W with S4 action whose Jacobian JW is isoge-
nous to a product of Jacobians if gR = 0.
Since gR = 3gT − 2 + α + δ
2
+ β, this is equivalent to gT = 0 and
α+ δ + 2β = 4.
We now describe the cases for which such covers actually exist and
the dimension of the corresponding moduli.
Recall from the previous section that we are looking for surjective
homomorphisms
(10.39) f# : Π1 = 〈σ1, . . . , σω : σ1 . . . σω = 1〉 → S4
that satisfy (10.38) with α + δ + 2β = 4 and such that
(10.40) f#(σ1) · · · f#(σα+β+γ+δ) = 1
Many a priori possibilities for α, β, γ and δ are excluded by our
conditions; for instance we already know that gT = 0 implies α+ δ > 0
and even.
A final observation before we actually give all possible cases is that
under our conditions we obtain gU = g∆, hence in fact we are consid-
ering the isogeny of Theorem 9.1 ii) in the special cases
φS4 : J∆× 3JS × 3JV → JW
Let us observe that when T = P1 then P (S/R) is isogenous to JX ,
so apparently we only need to impose the condition that P (V/R) be
isogenous to a Jacobian. The only way we know to do this at the
moment is that dimP (V/R) = 1, but this is equivalent to
α+ β + γ + δ = 4
so all possible cases are included in our next result.
Theorem 10.1. The Jacobian of a curve W with S4 action is isogenous
to a product of Jacobians, via the isogeny φS4 of Theorem 9.1 ii) in the
form
J∆× 3JS × 3JV → JW
if the ramification data satisfies the following.
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Case α β γ δ
I 4 0 ≥ 1 0
II 2 1 ≥ 1 0
III 2 0 ≥ 0 2
IV 1 0 ≥ 0 3
V 1 1 ≥ 0 1
V I 0 0 ≥ 0 4
V II 0 1 ≥ 0 2
V III 3 0 ≥ 0 1
Furthermore, in the following table we list the genera of the cor-
responding curves, the degree of the isogeny φS4 and the number of
respective moduli.
Case g∆ gS gV gW deg φ moduli
I 1 γ − 1 γ + 1 6γ + 1 212γ+23 γ + 1
II 0 γ − 1 γ 6γ − 3 212γ−6 γ
III 1 γ + 1 γ + 1 6γ + 7 212γ+143 γ + 1
IV 1 γ + 2 γ + 1 6γ + 10 212γ+203 γ + 1
V 0 γ γ 6γ 212γ γ
V I 1 γ + 3 γ + 1 6γ + 13 212γ+263 γ + 1
V II 0 γ + 1 γ 6γ + 3 212γ+6 γ
V III 1 γ γ + 1 6γ + 4 212γ+83 γ + 1
Proof. The proof of this result is a direct application of Theorem 9.1,
but we must show that the given covers exist and why other cases are
excluded.
In particular, since α+ δ must be positive and even, it is either 4 or
2, in which cases β must be 0 or 1 respectively. From here we obtain
eight cases for the values of α, β and δ as in the first table; the next
step is to show that in the first two cases the value γ = 0 is excluded
and that all the other possibilities actually exist.
This is done by either constructing surjective homomorphisms
f# : Π1 = 〈σ1, . . . , σω : σ1 . . . σω = 1〉 → S4
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as in (10.39) with ω = α+β+γ+δ, where α+2β+δ = 4, and satisfying
(10.38) and (10.40), or showing that they cannot exist, depending on
the values of the first table.
First of all it is clear that S4 cannot be generated by either 4 trans-
positions with trivial product nor by two transpositions with product
a 3-cycle; therefore, if α = 4 and β = δ = 0, or if α = 2, β = 1 and
δ = 0, then γ > 0.
The proof is completed by writing down specific homomorphisms for
the other cases.
We will illustrate with a couple of examples, as follows.
Case I: α = 4, β = δ = 0 and γ ≥ 1. Then f# is given by
σ1 → (1 2)
σ2 → (2 3)
σ3 → (3 4)
σ4 → (1 3)
and, for γ ≡ 1 (2)
σ5 → (1 4)(2 3)
σ6, . . . , σ4+γ → (1 2)(3 4), only if γ > 1
and, for γ ≡ 0 (2)
σ5 → (1 2)(3 4)
σ6 → (1 3)(2 4)
σ7, . . . , σ4+γ → (1 2)(3 4), only if γ > 2.

10.3. Rigid Jacobians with S4 actions. This time we have to look
for surjective homomorphisms as follows.
(10.41) f# : Π1(P1 − {P1, P2, P3})→ S4
that satisfy (10.38) with α + β + γ + δ = 3 and such that
(10.42) f#(σ1) · · · f#(σα+β+γ+δ) = 1
Again g = gT = 0 implies α+δ even and positive, and hence α+δ = 2;
therefore β + γ = 1.
One verifies then that the only cases that do appear are the following
two special cases from the previous section, the other possibilities not
being realizable.
Case V with γ = 0:i.e., α = β = δ = 1.
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In this case gW = 0; that is we obtain a rational function
γ : P1 → P1
of degree 24, which corresponds to the quotient map by the action of
S4 (see [K]).
Case VII with γ = 0:i.e., α = 0, β = 1, δ = 2.
In this case gW = 3 and S = E is an elliptic curve with an isogeny
E × E × E → JW
of degree 26.
10.4. One dimensional families of curves with S4 action. Here
we have to look for surjective homomorphisms
f# : Π1 → S4
where either
(I) Π1 = Π1(P1 − {P1, P2, P3, P4})
respectively
(II) Π1 = Π1(E − {P})
where E is an elliptic curve, and such that f# satisfies (10.38) with
(I) α+ β + γ + δ = 4 with f#(σ1) · · · f#(σ4) = 1
respectively
(II) α+ β + γ + δ = 1 with f#(α1)f
#(β1)f
#(α−11 )f
#(β−11 ) = f
#(σ1)
The next result gives all possible cases.
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Theorem 10.2. The one–parameter families of curves W with S4 action
correspond exactly to those in the following table, where gT = 0 except in
the last case, where gT = 1.
(10.43)
Case α β γ δ gR gS gV gX gW
I 3 0 0 1 0 0 1 0 4
II 2 2 0 0 1 1 2 0 5
III 2 0 0 2 0 1 1 1 7
IV 2 1 1 0 0 0 1 0 3
V 1 0 0 3 0 2 1 2 10
V I 1 2 0 1 1 2 2 1 8
V II 1 1 1 1 0 1 1 1 6
V III 0 2 0 2 1 3 2 2 11
IX 0 1 1 2 0 2 1 2 9
X 0 0 0 4 0 2 1 3 13
XI 0 1 0 0 2 3 3 2 9
Furthermore, in each case we have respective isogenies to JW as follows.
(10.44)
Case Isogeny Degree of Isogeny
I 3E0 ×E1 283
II 3E3 × 2E4 2163
III 3E2 × 3E0 × E1 2143
IV 3E0 26
V 3JS × 3E0 × E1
V I 3E5 × 3E3 × 2E4 222
V II 3E2 × 3E0 212
V III 3JX × 3E3 × 2E4
IX 3JS × 3E0
X 3JS × 3E0 × E1
XI E × 2E6 × 3E5 × 3E3 22534
with E0 = V , E1 = ∆, E2 = S, E3 = P (V/R),
E4 = R, E5 = P (S/R), E6 = P (R/T = E)
10.5. Prym varieties of genus seven double covers of genus three
curves, isogenous to a product of elliptic curves. In [B-C-V] it is
shown that the Prym varieties of genus 7 double covers of genus three curves,
branched at 4 points, are dense in the the moduli space of abelian fourfolds
of type (1, 2, 2, 2).
Here we describe a one parameter family of such Prym varieties which
are, moreover, isogenous to the product of elliptic curves.
Our example corresponds to Case III of the previous Section, which can
also be described as follows.
Let E be an elliptic curve and consider E :→֒ P3 its projective normal
embedding as a degree four space curve. Take two hyper-osculating points
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P1 and P2 of E; i.e., there exist planesH1 andH2 in P3 such thatHi·E = 4Pi
for i = 1, 2.
Now consider the degree four meromorphic function f : E → P1 obtained
by projection from the line L = H1 ∩ H2; since the construction depends
upon one parameter, we have that the ramification data for f is given by
α = δ = 2 and β = γ = 0 (the construction actually depends only on the
corresponding cyclic subgroup of order 4 of E[4]).
If we denote by V = E0, ∆ = E1, S = E2 and U = E7 the corresponding
elliptic curves in this case and with a superscript the genus of the other
curve, we obtain the following version of Diagram (9.29).
W 7
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ss
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
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TTT
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b


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



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E7
yyss
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ss
ss
RRR
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((RRR
RRR
RR
P1
))TTT
TTT
TTT
TTT
TTT
TTT
T E1
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P1
By the general trigonal construction we know that
ker(Nmu ◦ π∗ : E2 → E) = E2[2]
hence E2 and E are isomorphic.
¿From the theory of the Klein group action we know that the isogeny
a∗ + b∗ : E2 × E0 → P (C/E7)
is of degree 22 (Case IV in the Appendix).
With the notation of Theorem 8.1 and again from a Klein action we have
that the isogeny
ν∗2 + ν
∗
3 : P (C2/U)× P (C3/U)→ P (W/C4)
is of degree 24.
Therefore we have an isogeny
E2 × E0 × E2 × E0 → P (W/C)
of degree 26.
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Appendix
In this section we complete the proof of Theorem 6.3 by computing the
following quantities for {j, k, l} = {στ, σ, τ} and Pk = P (Xk/T ).∣∣ker(φj)∣∣ = deg a∗k∣∣Pk ·deg a∗l ∣∣Pl ·∣∣a∗k(Pk[2]) ∩ a∗l (Pl[2])∣∣
and ∣∣ker(psj)∣∣ = |Pj [2]| |b∗jJT ∩ ker a∗j || ker a∗j |
where
φj : Pk × Pl → P (X/Xj) , φj(x1, x2) = a∗k(x1) + a∗l (x2)
and
psj : Pj × P (X/Xj)→ P (X/T ) , psj(y, x) = a∗j (y) + x .
We will compute by analyzing the different possible cases for the ramifi-
cations of the covers appearing in the following Diagram.
(10.45) X
aσ
2s
wwooo
oo
oo
oo
oo
oo
aτ 2t

aστ
2r ''OO
OO
OO
OO
OO
OO
O
Xσ
bσ
t+r
''OO
OO
OO
OO
OO
OO
O Xτ
bτ s+r

Xστ
bστ
s+t
wwooo
oo
oo
oo
oo
oo
T
.
The possibilities are as follows. Case I: All covers in Diagram (10.45)
are unramified: r = s = t = 0. Case II: Exactly two of the top covers in
Diagram (10.45) are unramified. Case III: Exactly two of the top covers in
Diagram (10.45) are ramified. Case IV: All covers in Diagram (10.45) are
ramified: rst 6= 0.
Case I : r = s = t = 0. In this case, all induced morphisms between
corresponding Jacobians are non-injective.
Let Hj = ker b
∗
j = {0, ηbj} ⊆ JT [2]. Then Hl = ker b∗l = {0, ηbj +ηbk} and
ker γ∗ = Hj +Hk = {0, ηbσ , ηbτ , ηbσ + ηbτ } .
By [M2] we have, for each j, induced isomorphisms H⊥j /Hj → b∗j (H⊥j ) =
Pj[2].
Therefore
|Pσ[2]| = |Pτ [2]| = |Pστ [2]| = 22gT−2 if r = s = t = 0.
We now distinguish two subcases, according to the value of the Weil
pairing (ηbσ , ηbτ ) of ηbσ and ηbτ .
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Case a): Assume (ηbσ , ηbτ ) = 0; or, equivalently, ker γ
∗ ⊆ H⊥j ∩ H⊥k for
some pair (equivalently, each pair) j, k.
Then ker a∗l = b
∗
l (ker γ
∗) ⊆ Pl[2] for each l and it follows that for each
l ∈ {στ, σ, τ} we have
deg a∗l
∣∣
Pl
= 2 , if r = s = t = 0 and (ηbσ , ηbτ ) = 0 .
On the other hand,
|a∗j(Pj [2]) ∩ a∗k(Pk[2])| =
∣∣∣∣∣ H⊥jHj +Hk ∩ H
⊥
k
Hj +Hk
∣∣∣∣∣
but our assumption for this case (ker γ∗ = Hj + Hk ⊆ H⊥j ∩ H⊥k ) implies
that
H⊥j
Hj +Hk
∩ H
⊥
k
Hj +Hk
=
(Hj +Hk)
⊥
Hj +Hk
from where it follows that for each pair j, k we have
|a∗jPj [2] ∩ a∗kPk[2]| = |(Hj +Hk)⊥/(Hj +Hk)| = 22gT−4 .
Hence we have obtained that∣∣ker(φj)∣∣= deg a∗k∣∣Pk ·deg a∗l ∣∣Pl ·∣∣a∗k(Pk[2]) ∩ a∗l (Pl[2])∣∣= 22gT−2
in this case.
We also have ker a∗j = b
∗
j(ker γ
∗) ⊆ b∗jJT and therefore
ker a∗j ∩ b∗jJT = ker a∗j for each j .
It follows that∣∣ker(psj)∣∣= |Pj [2]| |b∗jJT ∩ ker a∗j || ker a∗j | = |Pj [2]| = 22gT−2 .
Case b): Assume (ηbσ , ηbτ ) 6= 0; or, equivalently, (Hj +Hk) ∩H⊥j = Hj
for some pair (equivalently, any pair) j, k.
Then it follows that a∗l
∣∣
Pl
is injective for every l.
Now H⊥l is of index two in JT [2] and hence
γ∗(H⊥l ) = γ
∗JT [2] ;
therefore,
|a∗l Pl[2] ∩ a∗kPk[2]| = |γ∗(H⊥k ) ∩ γ∗(H⊥k )| = |γ∗JT [2]| = 22gT−2 .
So again we obtain∣∣ker(φj)∣∣= 22gT−2 if r = s = t = 0
and ∣∣ker(psj)∣∣= 22gT−2 if r = s = t = 0
which complete the proof for the unramified case.
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Case II:Without loss of generality, in this paragraph we assume r = t = 0
and s > 0, which imply s is even.
In this case a∗σ, b
∗
τ and b
∗
στ are the only injective induced homomorphisms
between Jacobians.
Let ker γ∗(= ker b∗σ) = {0, ηbσ} ⊆ JT [2]. Then
ker a∗j = {0, b∗j (ηbσ)} ⊆ b∗j (JT [2]) ⊆ Pj [2] for j 6= σ
where the last inclusion follows from [M2] since b∗j is injective.
It follows that deg a∗j
∣∣
Pj
= 2 for j 6= σ.
It also follows that | ker psj | = |Pj [2]| for j 6= σ, whereas | ker psσ | =
|Pσ[2]| follows from the injectivity of a∗σ. Therefore in this case we have
| ker psk | =
{
22gT−2+s if k 6= σ and r = t = 0, s > 0;
22gT−2 if k = σ and r = t = 0, s > 0
Now from Pσ [2] = b
∗
σ({0, ηbσ}⊥) we obtain a∗σ(Pσ[2]) = γ∗({0, ηbσ}⊥) ⊆
γ∗(JT [2]).
But b∗j(JT [2]) ⊆ Pj [2] for j 6= σ, and therefore γ∗(JT [2]) ⊆ a∗j (Pj [2]),
from where a∗σ(Pσ [2]) ∩ a∗j (Pj [2]) = a∗σ(Pσ[2]) and |a∗σ(Pσ [2]) ∩ a∗j (Pj [2])| =
22gT−2.
In order to compute |a∗στ (Pστ [2]) ∩ a∗τ (Pτ [2])| we use Proposition 4.1 as
follows: let S1, . . . , Ss, τS1, . . . , τSs denote the ramification points of aσ in
X.
Then aτ (Si) = aτ (τ(Si)) for i ∈ {1, . . . , s} are the ramification points of
bτ in Xτ and aστ (Si) = aστ (στ(Si)) for i ∈ {1, . . . , s} are the ramification
points of bστ in Xστ .
For i ∈ {2, . . . , s} we let ui in Pic0(T ) be such that
u⊗2i = OT (γ(S1)− γ(Si))
and we define
Sji = OXj (aj(Si)− aj(S1))⊗ b∗j(ui) for j ∈ {τ, στ} and 2 ≤ i ≤ s ;
then Proposition 4.1 implies that
Pj [2] = b
∗
j(JT [2]) ⊕s−1i=2 Sji Z/2Z .
But ker a∗j ⊆ b∗j (JT [2]) and hence
a∗j (Pj [2]) = γ
∗(JT [2]) ⊕s−1i=2 a∗jSji Z/2Z .
Now, since στ(Sk) = τ(Sk) for all k, we obtain
a∗τ (Sτi ) = OX(Si + τ(Si)− S1 − τ(S1))⊗ a∗τ b∗τ (ui)
= OX(Si + στ(Si)− S1 − στ(S1))⊗ a∗στ b∗στ (ui)
= a∗στ (Sστi )
and therefore
|a∗τPτ [2] ∩ a∗στPστ [2]| = |γ∗(JT [2])⊕s−1i=2 a∗τSτi Z/2Z| = 22gT+s−3 .
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In this way we have obtained that
| ker φk| =
{
22gT−1 if k 6= σ and r = t = 0, s > 0;
22gT−1+s if k = σ and r = t = 0, s > 0
which concludes case II.
Case III: Without loss of generality, in this paragraph we assume s = 0
and rt > 0, which imply r and t are even.
In this case a∗σ is the only non-injective induced homomorphism between
Jacobians.
In particular ηaσ /∈ b∗σ(JT ). This proves that ker psσ is a subgroup of
index two of Pσ[2], and hence
| ker psk | =

22gT−3+r+t if k = σ and rt > 0, s = 0;
22gT−2+r if k = τ and rt > 0, s = 0;
22gT−2+t if k = στ and rt > 0, s = 0
In order to compute deg a∗σ
∣∣
Pσ
, we now show that ηaσ ∈ Pσ[2]: if τ˜ :
Xσ → Xσ denotes the involution induced by τ : X → X, then a∗σ(τ˜(ηaσ )) =
τ(a∗σ(ηaσ )) = 0; hence γ
∗(Nm bσ(ηaσ )) = a
∗
σ(ηaσ + τ˜ ηaσ ) = 0.
But γ∗ is injective and therefore Nm bσ(ηaσ ) = 0. Since Nm bσ and b
∗
σ
are dual morphisms (see [M2]) and since ker b∗σ = {0} has only one con-
nected component, kerNm bσ must have only one connected component;
i.e., ker Nm bσ = Pσ.
The claim follows, and we obtain deg a∗σ
∣∣
Pσ
= 2.
In order to compute |a∗σ(Pσ[2])∩a∗l (Pl[2])| we use Corollary 4.3 as follows:
let T1, . . . , Tt, σ(T1), . . . , σ(Tt) and R1, . . . , Rr, σ(R1), . . . , σ(Rr) denote the
ramification points of aτ and aστ in X respectively.
Then {aσ(R1), . . . , aσ(Rr), aσ(T1), . . . , aσ(Tt)} are the ramification points
of bσ in Xσ, {aτ (R1), . . . , aτ (Rr)} are the ramification points of bτ in Xτ
and {aστ (T1), . . . , aστ (Tt)} are the ramification points of bστ in Xστ .
For i ∈ {2, . . . , r + t} we let λi in Pic0(T ) be such that
(1) λ⊗2i = OT (γ(Ri)− γ(Ri+1)), for 1 ≤ i ≤ r − 1;
(2) λ⊗2r = OT (γ(Rr)− γ(T1)), for i = r;
(3) λ⊗2r+i = OT (γ(Ti)− γ(Ti+1)), for 1 ≤ i ≤ t− 1.
and we define
(1) Fσi = OXσ(aσ(Ri+1)− aσ(Ri))⊗ b∗σ(λi) ∈ Pσ [2] and
Fτi = OXτ (aτ (Ri+1)− aτ (Ri))⊗ b∗τ (λi) ∈ Pτ [2], for 1 ≤ i ≤ r − 1;
(2) Fσr = OXσ(aσ(T1)− aσ(Rr))⊗ b∗σ(λr) ∈ Pσ[2], for i = r;
(3) Fσr+i = OXσ(aσ(Ti+1)− aσ(Ti))⊗ b∗σ(λr+i) ∈ Pσ [2] and
Fστr+i = OXστ (aστ (Ti+1)− aστ (Ti))⊗ b∗στ (λr+i) ∈ Pστ [2], for 1 ≤ i ≤
t− 1.
Then Corollary 4.3 implies that
Pσ[2] = b
∗
σ(JT [2]) ⊕r+t−2i=1 Fσi Z/2Z ,(10.46)
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Pτ [2] = b
∗
τ (JT [2]) ⊕r−2i=1 Fτi Z/2Z ,(10.47)
and
Pστ [2] = b
∗
στ (JT [2]) ⊕t−2i=1 Fστr+i Z/2Z .(10.48)
Observe that a∗σFσi = a∗τFτi , which will be denoted by Fi, for 1 ≤ i ≤
r − 1 and that a∗σFσr+i = a∗στFστr+i, which will be denoted by Fr+i, for i ∈
{1, . . . , t− 1}.
Since a∗τ and a
∗
στ are injective, applying them to (10.47) and (10.48) re-
spectively we obtain
a∗τ (Pτ [2]) = γ
∗(JT [2])⊕r−2i=1 Fi Z/2Z ,(10.49)
and
a∗στ (Pστ [2]) = γ
∗(JT [2])⊕t−2i=1 Fi Z/2Z .(10.50)
Since ker a∗σ = {0, ηaσ} ⊆ Pσ[2], in order to describe a∗σ(Pσ[2]) we first
have to express ηaσ in terms of the given generators for Pσ[2]: by Lemma 4.2
we know that
Fτ1 ⊗ . . .⊗Fτr−1 = b∗τ (m) for some m ∈ JT [2]
and that
Fσ2 ⊗ . . . ⊗Fσr−1 ∈ Pσ[2] is not in b∗σJT [2] .
This implies that
Fσ1 ⊗ . . .⊗Fσr−1 ⊗ b∗σ(m−1) ∈ Pσ[2]− {0}
but
a∗σ(Fσ1 ⊗ . . .⊗Fσr−1 ⊗ b∗σ(m−1)) = F1 ⊗ . . .⊗Fr−1 ⊗ γ∗(m−1)
= a∗τ (Fτ1 ⊗ . . . ⊗Fτr−1 ⊗ b∗τ (m−1))
= a∗τ (0)
= 0
and therefore
ηaσ = Fσ1 ⊗ . . .⊗Fσr−1 ⊗ b∗σ(m−1) .
We may now apply a∗σ to (10.46) to obtain
(10.51) a∗σ(Pσ [2]) = γ
∗(JT [2])
r+t−2⊕
i=1
i 6=r−1
Fi Z/2Z .
Equality (10.51) shows that there is no dependence relation between
F1, . . . ,Fr−2 and Fr+1, . . . ,Fr+t−2 and comparing we obtain
a∗τ (Pτ [2]) ∩ a∗στ (Pστ [2]) = γ∗(JT [2]) ,
a∗τ (Pτ [2]) ∩ a∗σ(Pσ[2]) = γ∗(JT [2]) ⊕r−2i=1 Fi Z/2Z
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and
a∗σ(Pσ[2]) ∩ a∗στ (Pστ [2]) = γ∗(JT [2]) ⊕t−2i=1 Fr+i Z/2Z .
Thus we have proven
| ker φk| =

22gT−1+t if k = τ and rt > 0, s = 0;
22gT−1+r if k = στ and rt > 0, s = 0;
22gT if k = σ and rt > 0, s = 0
which concludes case III.
Case IV: All covers in Diagram (10.45) are ramified: rst 6= 0.
In this case all induced homomorphisms between Jacobians are injective
and therefore
| ker psk | = |Pk[2]| =

22gT−2+s+r if k = τ and rst > 0;
22gT−2+s+t if k = στ and rst > 0;
22gT−2+t+r if k = σ and rst > 0
We also have deg a∗j
∣∣
Pj
= 1 for every j; hence all that is left is to compute
| ker φj | =
∣∣a∗k(Pk[2]) ∩ a∗l (Pl[2])∣∣ .
By the symmetries involved, it is enough to compute one of them: we will
compute
| ker φστ | =
∣∣a∗σ(Pσ[2]) ∩ a∗τ (Pτ [2])∣∣ .
The computation for this case is subdivided into two cases, according to
whether r + t = 2 or r + t > 2.
Case a): r = t = 1. In this case Pσ[2] = b
∗
σ(JT [2]) and therefore
γ∗(JT [2]) = a∗σ(Pσ[2]).
On the other hand, b∗τ (JT [2]) ⊆ Pτ [2] and therefore a∗σ(Pσ[2]) ⊆ a∗τ (Pτ [2]).
Thus
a∗σ(Pσ [2]) ∩ a∗τ (Pτ [2]) = γ∗(JT [2])
and in this case we obtain
| ker φστ | = 22gT if r = t = 1, s > 0.
Case b): r + t > 2. Without loss of generality, we will assume r > 1.
Let {S1, . . . , Ss, τ(S1), . . . , τ(Ss)}, {T1, . . . , Tt, σ(T1), . . . , σ(Tt)} and
{R1, . . . , Rr, σ(R1), . . . , σ(Rr)} denote the ramification points of aσ, aτ and
aστ respectively.
Then the ramification points for bσ, bτ and bστ are as follows.
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Map Ramification points
bσ {aσ(R1), . . . , aσ(Rr), aσ(T1), . . . , aσ(Tt)}
bτ {aτ (R1), . . . , aτ (Rr), aτ (S1), . . . , aτ (Ss)}
bστ {aστ (S1), . . . , aστ (Ss), aστ (T1), . . . , aστ (Tt)}
If we choose Fσi ∈ Pσ [2] for i ∈ {1, . . . , r + t− 1} as in the proof of Case
III, then (10.46) holds.
Furthermore, we choose Fτj ∈ Pτ [2] for 1 ≤ j ≤ r − 1 and Fστr+j ∈ Pστ [2]
for 1 ≤ j ≤ t− 1 as in the proof of Case III.
Also, for i ∈ {1, . . . , s− 1}, choose mi in Pic0(T ) such that
m⊗2i = OT (γ(Si)− γ(Si+1))
and define
Gστi = OXστ (aστ (Si+1)− aστ (Si))⊗ b∗στ (mr+i) ∈ Pστ [2]
and
Gτr+i = OXτ (aτ (Si+1)− aτ (Si))⊗ b∗τ (mi) ∈ Pτ [2] .
With these generators and Corollary 4.3 we obtain the following descrip-
tions.
Pτ [2] = b
∗
τ (JT [2]) ⊕r−1i=1 Fτi Z/2Z⊕s−1i=1 Gτr+i Z/2Z ,(10.52)
and
Pστ [2] = b
∗
στ (JT [2]) ⊕s−1i=1 Gστi Z/2Z⊕t−1i=1 Fστr+i Z/2Z .(10.53)
Note that a∗στ (Gστi ) = a∗τ (Gτr+i) for i ∈ {1, . . . , s − 1}; the common value
will be denoted by Gi. Applying a∗σ, a∗τ and a∗στ to (10.46), (10.52) and
(10.53) respectively, we obtain the following.
a∗σ(Pσ [2]) = γ
∗(JT [2]) ⊕r+t−1i=1 Fi Z/2Z ,(10.54)
a∗τ (Pτ [2]) = γ
∗(JT [2]) ⊕r−1i=1 Fi Z/2Z⊕s−1i=1 Gi Z/2Z ,(10.55)
and
a∗στ (Pστ [2]) = γ
∗(JT [2]) ⊕s−1i=1 Gi Z/2Z⊕t−1i=1 Fr+i Z/2Z ,(10.56)
It follows from equalities (10.54), (10.55) and (10.56) that
a∗σPσ[2] ∩ a∗τPτ [2] = γ∗JT [2]⊕r−1i=1 Fi Z/2Z
a∗τPτ [2] ∩ a∗στPστ [2] = γ∗JT [2]⊕s−1i=1 Gi Z/2Z
a∗σPσ[2] ∩ a∗στPστ [2] = γ∗JT [2]⊕t−1i=1 Fr+i Z/2Z
PRYM VARIETIES AND FOURFOLD COVERS 77
Therefore, we have proven that in this case we have
ker φk =

22gT−1+t if k = τ and r > 1, st > 0;
22gT−1+r if k = στ and r > 1, st > 0;
22gT−1+s if k = σ and r > 1, st > 0;
Thus the proof of Theorem 6.3 is now complete.
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